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Abstract

Marcarini, Tiane; Diaz, Lorenzo J.. Generation of spines in
porcupine-like horseshoes. Rio de Janeiro, 2014. 74p. Tese de
Doutorado — Departamento de Matematica, Pontificia Universi-
dade Catolica do Rio de Janeiro.

We study one parameter families of skew-product maps (F})c(,1), Fi: X2 X
R — 35 x R, such that the map F; has a “partially hyperbolic” transitive
set A called a porcupine-like horseshoe for every t € (o, 1) where t € [0, 1).
The porcupine-like horseshoes A; exhibit a very rich fiber structure: the set
%), is the disjoint union of two dense and uncountable subsets 33 and %7

with opposite behaviour:

— %} consists of sequences ¢ such that there is a non-trivial interval I

such that £ x I¢; (called the non-trivial spine of §) is contained in A,

— Y7 consists of sequences ¢ such that (£ x R) N A, is just a point z (in

this case we say that the spine (£, ) of & is trivial).

We study two types of porcupine-like horseshoes that we call central
contracting and central expanding. Our goal is to analyze how the spines
of the porcupine-like horseshoe are created and destroyed as ¢ evolves and
goes to 1. Concerning this creation/destruction process, we show that there
is a large subset (Hausdorff dimension greater than one) of ¥, consisting
of sequences whose spines remain trivial for every ¢t € (0,1) (i.e., £ € X7
for all ¢ € (0,1)). We also prove that there is an uncountable dense subset
of ¥y of sequences whose spines remain non-trivial for every ¢ € (0, 1] (i.e.,
¢ € %) forall t € (0,1)]. This implies that there are non-trivial spine which
are instantly created after ¢ = 0 and never disappear afterwards.

We also prove that this creation process is not monotone in general and that
a non-trivial spine can be destroyed (it becomes trivial) as the parameter ¢
increases.

We also study the predominance of the size of the set ¥I corresponding to
sequences with trivial spines. We prove that by /2(227) = 1, where by 5 is the

equidistributed Bernoulli measure defined on .

Keywords
Concavity; iterated function system; Hausdorff dimension; heterodimen-
sional cicle; homoclinic class; porcupine-like horseshoes; skew-product; spines;

transitivity.
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Resumo

Marcarini, Tiane; Diaz, Lorenzo J.. Formagao de espinhas em
ferraduras tipo porco-epinho. Rio de Janeiro, 2014. 74p. Tese
de Doutorado — Departamento de Matematica, Pontificia Univer-
sidade Catdlica do Rio de Janeiro.

Estudaremos familias a um parametro de skew-products (F})iec(o,1),

Fi: Y9 xR — X5 X R, na qual o mapa F; tem um conjunto transitivo
“parcialmente hiperbélico” A; chamado ferradura tipo porco-espinho para
todo t € (ty,1) onde to € [0,1). A ferradura tipo porco-espinho A; exibe
uma estrutura bastante rica nas fibras: o conjunto >, é a uniao disjunta de
dois nao-enumeréveis e densos subconjuntos 24 e £7 com comportamentos

opostos:

— ¥ consistindo de sequéncias ¢ para as quais existe um segmento nio
degenerado I¢; tal que £ x I¢; (chamado o espinho nao-trivial of &)

estd contido em Ay,

~ X7 consistindo de sequéncias ¢ tal que (£ x R)NA; é apena um ponto

2 (nesse caso dizemos que o espinho (£, z) de & A© trivial).

Estudaremos dois tipos the ferraduras tipo porco-espinho que
chamamos central contrativo e central expansor. Analizaremos como os es-
pinhos de um porco-espinho sao criados e destruidos quando ¢ aumenta e
vai para 1. Com respeito a esse processo de criacao/destrui¢ao, mostraremos
que existe um subconjunto grande (dimensao de Hausdorff maior que 1) de
Y9 consistindo de sequéncias cujos espinhos permanecem trivial para todo
t€(0,1) (ie., £ € X7 para todo t € (0,1)). Também provaremos que existe
um subconjunto denso e nao-enumeravel de Y5 de sequéncias cujos espin-
hos permanecem nao trivial para todo t € (0,1] (i.e., £ € %) para todo
t € (0,1)]. Isto implica que existem espinhos nao triviais que sdo instan-
taneamente cridaos apds t = 0 e nunca desaparecem.

Temos ainda que este processo de criagao em geral nao é mondtono e
que um espinho nao-trivial pode ser destruido (tronando-se trivial) quando
o parametro t cresce.

Também estudaremos a predominancia do conjunto Y7 correspon-
dendo as sequéncias com espinho trivial. Provaremos que by;(X7) = 1,

onde by, ¢ a medida de Bernoulli equidistribuida definida em ;.

Palavras—chave

Concavidade; sistema iterado de funcoes; dimensao de hausdorff; ciclo

heterodimensional;
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classe homoclinica; ferradura tipo porco-espinho; produto-cruzado; espin-

has; transitividade.
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1
Introduction

1.1
General setting

We consider a dynamical system of skew-product type defined over a full

shift of two symbols (X2, 0) and with one-dimensional fibers,
F:ExR—3%;, xR, F(&z)=(0(8), fe(x)).

This dynamics is partially hyperbolic, it has a uniformly hyperbolic part
inherited from the shift dynamics and a central part corresponding to the
fibers. The central part is given by two fiber maps defined on the interval, the
maps have no critical points, one of them preserves and the other reverses
orientation. Many of the interesting properties of the dynamics originated
from this reversion of the orientation, for example, this property is essential to
generate a heterodimensional cycle and also to ensure the existence of many
periodic points.

The resulting dynamics of the skew-product on a maximal invariant set
A is topologically transitive (existence of dense orbits) and genuinely non-
hyperbolic (existence of hyperbolic periodic points of different indices) with
points which are contracting in the fiber dynamics and other points which
are expanding in this direction. The topological structure of the set A is very
rich and it contains uncountable many continua tangent to the fibre (central)
direction.

More precisely, the dynamics in A is semi-conjugate to the full shift of
two symbols, that is, there is a continuous and surjective map II: A — ¥, such
that Il o F' = o o Il, this map is called a semi-conjugation. This means that
the dynamics of F' is richer than the one of the shift (although in this case,
due to the fact that the dynamics in the fibers is non-critical, the topological
entropy of Fj, is equal to the one of the shift, see [2] and the construction in
[?] section 3).

A spine of the set A is a non-trivial continuum contained in the pre-

image IT71(€) of some sequence £ of 5. The relevant property of A is that ¥,
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splits into two uncountable dense sets X5 and X%, the first one consisting of
sequences & such that TI71(£) N A is just a point and the second one consisting
of sequences ¢ such that TI71(£) N A is a non-trivial closed interval. If £ € X}
we say that its spine is trivial.

A transitive set A as above is called a porcupine. The very naive and
rough geometrical idea of a porcupine is the following: Consider a horseshoe
in the plane and select two uncountable dense subsets of A, for each point in
the first set one glues a segment and for the second one one just glue a point.

Here we consider a one-parameter family of maps (F}):cp0,1) as above with
porcupines A, for every ¢t € (0,1).

The fiber dynamics consists of two maps: an increasing concave map with
two fixed points at 0 and 1 which is independent of ¢ and the affine orientation
reversing contraction x +— t(1 —2) mapping 1 to 0. The dynamics for ¢ = 0 and
t = 1 correspond to two degenerate cases of different nature: for ¢ = 0 we have
a degenerate dynamics with no spines at all while for ¢t = 1 there is a porcupine
having only non-trivial spines (thus formally it is not a porcupine). Thus there
is a transition from a dynamics without spines (for ¢ = 0) to a dynamics with
a full set of spines (¢t = 1). Let us observe that the family (F})¢cjo,1) we consider
is in some sense the simplest model describing a transition from a dynamics
without spines to a completely spiny dynamics.

First let us note that the the semi-conjugation II; above is independent

of t: we always have A; C ¥ X R and, defining the projection
II: Sy x R — 5y (&,2) — &

for every ¢ € [0, 1] the semi-conjugation IT,: A; — 35 coincides with ﬁ| A,
The very naive idea is that the dynamics of the porcupine A; gains
complexity as t increases and new non-trivial spines appear. The goal is to
understand the generation (appearance/disappearance) of non-trivial spines.
A first natural question that illustrates our goal is the following: Can a spine
disappear, that is, if II;.'(£) is a continuum then II; '(£) is also a continuum
for all ¢ € [ty,1]? This sort of question has the same flavor as the one about

the monotonicity of the complexity of the dynamics for the quadratic family
F;: [0,1] — [0,1], 2« +— 4txz(1—2z), te€][0,1].

As in our case, for t = 0 the dynamics is degenerate and for t = 1 there
is a completely chaotic dynamics conjugate to the full shift. In this case,
the complexity of the dynamics is increasing: the entropy is (non-strictly)

increasing and once one periodic point of some period is created for it persists as
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t increases (see (3, 14]). In our setting, the spines play the role of the periodic
points above. Let us observe that in our setting the topological entropy is
constant for ¢ € (0, 1].

Let us say a few words about previous results about porcupines. These
sets appeared (without a name) for the first time in the work [9] about the
destruction of hyperbolic sets via heterodimensional cycles. In this bifurcation
scenario the hyperbolic set explodes and engulfs a hyperbolic fixed point of
different stable index. In the above terminology, the resulting set is a porcupine.
An interesting property is that this set is, in a certain sense, essentially
hyperbolic and that the spectrum of the central Lyapunov exponent exhibits
a gap. In [12] the authors explore this gap of the spectrum from the point of
view of thermodynamic formalism. The notion of porcupine was introduced in
[4], where genuinely non-hyperbolic porcupines are considered. Finally, [6, 8, 7]
explore ergodic aspects of these porcupines. A survey on this topic can be found
in [5].

Let us finally observe that a porcupine has the same flavor as the so-
called bony attractor, that is, an attractor which is the union of the graph of
a continuous function (over the shift space) and an uncountable set of vertical
segments (so-called bones) belonging to the closure of this graph. The bones
correspond to the non-trivial spines of the porcupine, see [11].

We now go to the detailed description of our results.

1.2
Statement of results and precise definitions

In this paper we consider one-parameter families of step skew-product

maps of the form
Fi: Y xR — Yo xR, & z) — ((), feor(x)), (1.2.1)

where fo, = fo is an increasing concave map fixing 0 and 1 that does not
depend on t and where f;, is the affine map f;,(x) = ¢ (1 — x). The two key
properties of f;; are that it reversed ordered and satisfies the cycle condition
fi:(1) =0.

Under some mild conditions on fy, the maximal invariant set A; of F; in
Y9 x [0, 1] is a porcupine for all ¢ € (0,1). For t = 1 the set A; is a completely
spiny porcupine.

We now give the definition of a porcupine in our context:

Definition 1.2.1 (Porcupine). Given a skew product map F': ¥y x [0,1] —
Yo x [0,1] we say that a compact F-invariant set A is a porcupine is it is

transitive and there is a semi-conjugation II: A — ¥y [l o F' = ¢ o II, such
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that TI71(£) is a continuum for uncountably many £ € ¥ and a singleton for
uncountably many £ € 3.

The set IT71(£) is the spine of . If this set is not a singleton we say that
it is a non-trivial spine. If TI"1(€) is non-trivial for all £ € ¥y we say that A is

a completely spiny porcupine.

As mentioned above, for the family (F}):cp,1] we consider the set A, that
is a porcupine for all ¢ € (0,1]. The goal of this paper is to understand the
appearance and disappearance of the non-trivial spines as t evolves. As we
will see this is a rather complicated process. Naively, one may guess that if a
sequence has a non-trivial spine for some tq this spine will remain non-trivial
for all ¢t > ty. There are examples of families of porcupines similar to the ones
we consider (the choice of fy is slightly different, but f;; is the same) where
a spine is non-trivial for ¢, but becomes trivial for some t; € (to,1), see the
discussion in Section 7.

The dynamics of F}; is determined by the underlying iterated function
system (i.f.s.) generated by the maps fo and fi;. We require the following
conditions: fo, fi;: R — R are C? injective maps satisfying the following

properties:

(P0.i) The map fy is increasing, concave, and has exactly the two fixed points

0 (repelling) and 1 (attracting).

(P0.ii) Given f{(0) =3 > 1and fi(1) = A < 1, it holds

(1=

b

)\2
8

(P1) fie(z)=t(1—2x).

Note that f;,(1) = 0, that is, f1, maps the attracting fixed point of fj
into the repelling fixed point of fy. This condition is called a cycle condition.
Note that fo([0,1]) = [0,1] and f1+([0,1]) C [0, 1] for all ¢ € [0,1], where the
latter inclusion is strict if t # 1. We denote the maximal invariant set of F} in
Yo x [0,1] by Ay,

A= () F (B2 x [0,1]).
i€z
We fix some notation and state some simple remarks about the spines of

a porcupine.
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Remark 1.2.2. Given

§=...6...628185& & ...&§ €

we write
§=¢6.67,

where

=6 €606, and  EEHEE .G

Let X3 and X5 be the set of sequences ¢ and £, respectively.

Since f;4([0,1]) C [0, 1] for every t € [0,1] and i = 0, 1, it follows that the
property of a spine being a singleton or not is determined only by the negative
part £~ of the sequence £ = £ .. In other words, if the spine of ¢ = ¢~ .7 is a
singleton then o = £~.a™ is also a singleton for every choice of a™ € ¥ . This
justifies the following definition. We will say that the sequence £~ € ¥ has a
trivial spine if, and only if, the spine of any sequence of the form o = £~ .a™
is a singleton. Otherwise, we say that £~ € ¥, has a non-trivial spine.

We now define the subset 3y ;N of ¥, of sequences with a non-trivial

spine and the subset %, ;T of 35 of sequences with a trivial spine.

Remark 1.2.3. The geometry of the maps F, implies that II;*(€) is either
a point (singleton) or a non-trivial closed segment. In the first case, we write
I, (&) = {(&,8¢4)} and say that the spine is trivial. In the second case, we
write 11, 1(€) = {€} x Ie, where Iey = [se- 4, 8¢+4), 0 < s¢- 4 < s+ < 1, and
say that the spine is non-trivial. By definition, we have that

Iy = {az € [0,1]: such that (f;! o---o fi! )(x) €[0,1] for every i € N}.

it

Using the cylinder notation for the composition of maps we let

def
Jicotnlt = Jent © feu 16000 feot:

Note that if (¢, z) is a periodic point of F} of period n+ 1 then £ = (& ...&,)%
and fg,..¢,1+() = x. The periodic point (£, ) is said to be central contracting
if [fig, . e14(2)| <1 and central ezpanding if |fi, ., (z)] > 1.

We now borrow the following result from [4].

Theorem 1.2.4. Consider Fy as in (1.2.1) and assume that fo and f1, satisfies
(P0.i), (P0,ii), and (P1). Then for every t € (0,1) the set A; is a porcupine

and has the following properties:


DBD
PUC-Rio - Certificação Digital Nº 1121540/CA


PUC-RIo - Certificacdo Digital N° 1121540/CA

Chapter 1. Introduction 16

i) There is a continuous semi-conjugation Il;: Ay — Yo of the form

I, (&, ) = € such that:

(a) The subset E;;N of X5 of sequences with a non-trivial spine is
uncountable and dense.
(b) The subset E;’;T of X5 of sequences with a trivial spine is residual
in Xy .
(c) There are two dense (uncountable) subsets A7 and A, of A,
such that
i (& w) € AT then TN (E) = {(€, )} and
—if (&, x) € A7 then T () = {(&, I}, where Igy is a non-

trivial and closed continuum containing x.

i1) The sets of central contracting periodic points and of central expanding

periodic points of A; are both dense subsets of A;.
Remark 1.2.5. We will see, (Remark 9.1.8), that the proof in [4] implies that

for t = 1 the set A; is a completely spiny porcupine.

In view of the theorem above, it is natural to ask how the subsets ¥, ;N
and X, 77 of B vary as the parameter ¢ varies. Note that for ¢ < 1 the set Yy 7
is residual in X5 and for ¢ = 1 the set X, 7 is empty. For ¢, € [0,1) define the
subsets of 5

consisting of the sequences in ¥, whose spines are non-trivial, respectively
trivial, for all ¢ € (o, 1).

A first natural question is about the existence of sequences £ whose spine
has the same type (trivial or not) after some parameter t,, that is, such that
55 (to) is non-empty. A second natural problem is to determined the size of
these sets. Here, the concept of “size” may depend on your point of view and
could be, for example, fractal dimension, entropy, measure, etc. This sort of
problem is addressed in the next theorem.

In the set ¥, we consider the following canonical distance d. Given

w, € ¥y denote by ng g the smallest value of |n| with @, # 6, then
d(w, ) = 21/2 2=,

With this distance one has that the Hausdorft dimensions of ¥, and ¥ are
two and one, respectively. For the definition and properties of the Hausdorff

dimension see Section 2.
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Theorem 1. There exists an uncountable subset of X5 consisting of sequences
with non-trivial spines for every t € (0,1]. That is, the set $5;°V(0) is
uncountable.

The Hausdorff dimension of E;’N(to) 18 strictly positive for every ty > 0.

Let us observe that there is strong indications that the uncountable set
2y ’N(O) has zero Hausdorft dimension. We observe that in Corollary 3.2.3 we
prove that for every £ € X, N (to) the frequency of 1’s of £~ is necessarily
zero. Note that the second part of the theorem answers to a slightly different
question: replacing the parameter 0 by parameter t, > 0 we obtain that the
sets £5"V(to), consisting of the sequences that has non-trivial have positive
dimension.

Our next result claims that there is a large subset (positive Hausdorff
Dimension) of ¥y whose spines are trivial for all ¢ € (0,1). This means that
the transition to a completely spiny porcupine at t = 1 happens suddenly and

a lot of spines are created instantaneously.

Theorem 2 (Abrupt appareance of spines). The set 357 (0) has positive

Hausdorff dimension.

A key ingredient of the proofs of this theorem is the concavity of the
map fo. This concavity will ensure that (finite) compositions of the maps fj
and f1, such that the maps fi; only appear in groups with an even number of
elements (in particular these maps are ordering preserving and concave) have
exactly a unique fixed point. And so, considering only sequences £ = £ .£T for
which &7 is a especial sequence where the digit 1 only appear in groups with
even number of elements, we will have that the spine of this sequences is trivial
for every t € (0,1).

Another useful property, that is explored in the next results, is the

A2 (1-X) =

contracting property (P0.ii) 8 A < 1 (a consequence of the condition % ;=5

1). This property is especially used in Theorem 3 that study the stability of

spines.

The property S A < 1 implies that if we consider a (finite) composition
of the maps fy and fi; such that the maps f;; appear in odd quantities (in
particular this map is ordering reverse) and then take its square, this last
map g7 satisfy (¢7)'(0) = (¢7)'(1) = (B\)" for same n € N, and by hypothesis
[ X\ < 1. This will implies that if we consider only sequences £ = £ . for which
&~ is a sequence obtained from concatenation of tow (or any finite number) of
words that are the square of a word with odd numbers of ¢’s, we will have that

this sequence ¢ has a stable spine at ¢t = 1.
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Definition 1.2.6. Consider t, € (0, 1]. We say that a spine of £ € %5 is stable
at ty if there is a neighborhood V(ty) of to in (0, 1] such that IT,  (£) is close to
IT, ' (¢) (in the Hausdorff distance) for all ¢ € V(¢o). In particular, this means

that if ¢ has a non-trivial spine for ¢y the same holds for all ¢ close to .

Let us observe that the stabilization of some trivial spines is a relatively
simple problem. For instance, fixed any ¢, € (0,1) there is d(ty) such that
every sequence with a “proportion” of 1’s bigger than (o) has a trivial spine
for every t € (0,t], see Proposition 3.2.2 and Corollary 3.2.3 for details. A
much more difficult problem concerns the stabilization of non-trivial spines.
Theorem 2 implies in particular that for ¢ = 1 there are many spines which

are not stable.

Theorem 3. There is a subset X5 C X9 with Hausdorff dimension bigger than
one with the following property: for any given € > 0 there exists t. € (0,1) such
that [T1;1(€)| > 1 — € for every t € [t.,1] and & € X5. Therefore the spine of
every & € X5 s stable at t = 1.

In the opposite direction, we show that “almost every” sequence has a
trivial spine. The space Y5 is endowed with a natural family of Borel sets 8
that is generated by the cylinders of ¥5. On this measure space we consider
the Bernoulli probability measures b, indexed by the probability p € [0, 1] this
measure gives to the position 0. In some sense, the most natural one is the
equidistributed measure by, that assigns the same weight to 0’s and 1’s.

As above, for each t consider the subsets Egt and Eé\(t of sequences of >y

with trivial and non-trivial spines for Fj}.

Theorem 4. For every t € [0,1) the Hausdorff dimension of EJQ\Q is less than
2.

This theorem also implies that the topological entropy of the shift in 35 is
concentrated in E;t. So the topological entropy of the map F; is concentrated
in the trivial spines.

Recall that by Theorem 1.2.4 the set th is a residual subset of ¥, for all
t € (0,1). Next result states that this set has full by, measure and has some

persistence.

Theorem 5. Consider the probability space (X, B,b1)2). Then bys(X7,) =1
forallt € (0,1) and bl/g<mte(0ﬁ_1) ZQTJ) =1.

In the previous results we have considered a one-parameter family of

skew-product (F})ic(0,1) where the fiber maps fy and f;; satisfy conditions
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(P0.i), (P0.ii), and (P1). Theorem 1.2.4 claims that every ¢ the elements of
this family have a porcupine.

We see that condition (P0.ii) can be (in some sense) eliminated. In
such a case, we obtain a larger class of skew-products (F});c(,1) that display
porcupines for every parameter larger than some ¢y, € (0,1) depending of the
family (the existence of porcupines is in principle not guaranteed for small t).

The value ¢ty is given by the condition:

(C) Consider the parameter ¢, defined by f{(to) = 1. Then fi(z) < 1 for

every = > to, that is, fy is a contraction in (g, 1].

Note that as fj(1) < 1 we have that ¢, € (0,1). This means that we can
consider problems similar to the ones considered above for this more general
family, in particular, studying the appearence and dissapearance of spines for
t € [to, 1].

We say that a sequence § has a evanescent spine I, if I¢, if there are
0 < t; <ty < 1such that I¢,, is non-trivial and I¢,, is trivial for all ¢ € [to, 1).

For this family we have the following result that claims that the appear-

ance of non-trivial spines is not monotone.

Theorem 6. There is an skew product family (F})icoq) satisfying (P0.i) and

(P1) with an evanescent spine.

1.3
Organization of the thesis

This thesis is organized as follows. In Chapter 2 we state some basic
results about Hausdorff dimension that we will use.

In Chapter 3 we first characterize and state some general properties of
spines of porcupines. We also give sufficient conditions for a sequence having a
trivial spine. Finally we study some properties of spines associated to sequences
whose symbol 1 appears only in groups of even size. With these results we prove
Theorem 2 guaranteing the existence of a subset of 5 with positive Hausdorff
dimension consisting of sequences with trivial spines for every ¢ € (0, 1).

In Chapter 4 we prove Theorem 3 about the "stability” of the spines at
t =1 for a large subset (positive Hausdorff dimension) of 3.

Theorems 4 and 5 are proved in Section 5. The aim of this section is to
compare the subsets of X7 corresponding to trivial and non-trivial spines and
see that the first dominates.

In Chapter 6 we study the persistence of non-trivial spines and prove

Theorem 1.
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In Chapter 7, we present an example of family of skew product maps
with porcupines exhibiting an evanescent spine and prove Theorem 6.

In Appendix A we adapt some standard notions of differentiable dynam-
ics (as homoclinic points and homoclinic classes) to the skew-product setting.
In Apendix B we review some constructions in [8, 7| and prove the transi-
tivity of the porcupines. Finally, in Appendix C, we discuss how to obtain a

one-parameter in R? exhibiting porcupine-like horseshoes.
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2
Hausdorff dimension

In this section we define Hausdorfl measure and dimension and state

some of the properties of it that will be used throughout the paper.

2.1
Definition and general properties of Hausdorff dimension

Definition 2.1.1 (Hausdorff Dimension). Let (M,d) be a compact metric
space and K a subset of M. Given a finite covering U = (U;);es of K we define

its diameter by
diam(U) = sup{diam(U;), i € J},

where diam(U) denotes the diameter of the set U (these numbers may be
infinite). We let

my(U) =" (diam(U;))”

icJ

and, for s,e > 0,
M (K) = inf{my(U) where U is a finite covering of K with diam(U) < €}.

Note that mg(K) decreases when € increases. The s-dimensional Haus-
dorff measure of K is defined by

my(K) = lim mg (K).

e—0F
Remark 2.1.2. Let B(K) be the set of parts of K. Then for any s € R

ms: P(K) — R, U — my(U),

is a measure of K.

The map m4(K) decreases when s increases and there is a value HD(K),
called the Hausdorff Dimension of K such that

HD(K) = inf{s € R: m,(K) = 0} = sup{s € R : m,(K) = oo}
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For further details see, for instance, [10].

Note that the definitions of HD(K) and m,(K) (and so mHD(K)(K))
are dependent of the metric considered in K. Thus, when necessary, we write

HD,(K) and m4(K) for emphasizing the metric considered.

Definition 2.1.3 (Hausdorff Measure). We define Hausdorff Measure of K
the number mupk)(K), that is calculated like above taking s = HD(K).

We have that the Hausdorff dimension is the same for equivalent metrics
(see [10], p. 32-33 for details).

Proposition 2.1.4. Consider two equivalent metrics d and d in K. Then
HD4(K) = HDg(K).

Another classical result about Hausdorff dimension is the following, see
[13] p.1041.

Proposition 2.1.5. Let K =, .y K. Then HD(K) = sup,,.y{HD(X,)}.

neN

2.2
Hausdorff dimension and measure of subsets of >,

In what follows, we will study the set s endowed with its canonical
metric defined as follows. Given a pair of elements w and € of ¥ we denote by
N g the smallest value of |n| with @, # 6,,. We consider the canonical distance
d in Y5 defined by

d(w, ) = 21/2 2=,

It is well known that with this distance one has (we omit the dependence on
the metric)
HD(EQ) = 2, and mQ(EQ) = 1.

Similarly, one has that
HD(X;) =1, and my(%;) = 2Y?%/2.

In the set Y5, given m € N, integers ig < 13 < --- < 1, and
ko, ki ..., kyn € 40,1}, we consider the cylinder defined

Clig, i1, -y im; ko ky ... km) = {6 € Xy such that 6;, = k,, 0 <0< m},

and the g-algebra B generated by these cylinders.
We have that the topology associated to the metric d is the same as the
one generated by o-algebra B.
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Consider the probability space (32, B,b1/2) where by, is the Bernoulli
probability given by

b1/2 (C’(io, R 7km)) — 9~ (m+1)

Proposition 2.2.1. my = by .

Proof. We just need to see that for every cylinder
bl/g(C(io, e ,im; k’o, Ce ,k‘m)) = 2—(m+1) = My (C(ZD, e ,im; 5 l{,‘g, ey k’m))

Lemma 2.2.2. Let C = Clig,...,im;koy--- km) and C'" =
C(iby .- yil s kg, ... kL) be two cylinders having the same number m of

fized entries. Then ma(C') = ma(C’).

Proof. This lemma is a directly consequence of the following claim:

Claim 2.2.3. Given € > 0 small enough, for each covering U = UU; of C,
diam(U) < €, we associate a covering U = VU] of C" with the same number

of elements and satisfying diam(U;) = diam(U]) for every i.

Proof. Note that if € > 0 is close to 0 and & = UU; is a covering of C' with
diam(U) < €, then there exist cylinders C,, = C(—ng, ..., N, Jon; -+ Jn;)s
n; > max{|in|, ||}, such that U; C C,,, for every i. Without lost generality
we suppose C,,, C C.

In the case that {ig,i1,...,5,} N {iy,,...,i,} # 0 we can ordered
the indices to obtain iy = iy < 44 = i§ < ...y = i, m < m and
{imigrs oty O {2 syt b = 0. We will define a map h : U — ¥y such
that h(U) is a covering of C” and diam(h(U;)) = diam(U;) for every i.

Let £ € U, &€ = ... &8 .. & ..., then, h(§) = w =

Wy ... W ... Wy, ... and to define w, we need to consider three cases:
. . . . . def
i) 7 =1; =14} in this case we take w, = K,

.. . . . . def def
ii) r =1i;, j > m': in this case we take w, = fz; and wi = kj.

Note that w, is defined for every r € {ig,...,im} U {iy,... i}, then

remains to see the last case:

i) 7 ¢ {ig,...,im} U{i),... i }: in this case we take w, = &,.

Lemma 2.2.2 is now proved. [
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Now observe that we can write X9 = Uj<j<om+1C4, where Cj, ..., Com

are cylinder with m + 1 fixed entries and this union is disjoint then

1= mg(ag) = Z mQ(C’,) = 22m+1 ’ITLQ(C),

1§i§27”+1

where the last equality follows by Lemma 2.2.2. This implies the proposition.
O

In this work we consider a special case of subsets of 35 defined using inde-
pendent words we proceed to describe. First, we say that a = (ay, ag, ..., ap) €
{0,1}™ is a word of length |a| = n.

Definition 2.2.4 (Concatenation of words). Given a finite set of words
W = {w,...,w,} we say that a one-sided sequence & = (§);>1 € Xj is
a concatenation of words in W if there is an increasing infinite sequence of
indices (ix)ren With 4; = 1 such that for every k the word &, ...&;,,,—1 is in
w.

Given a sequence £ € Xy, write £ = 7.1, € € ©F. Associated to £~ we

define its conjugate sequence E* = (EJ_) by
T def .
fj = f—j+1~
Given a finite set W of words we define the following sets

Ew < {£~ € X; such that ¢~ is a concatenation of words in W} cC Xy,
Sw & {£=¢ &7 suchthat & €Ey} C X

Remark 2.2.5. HD(Sy) = 1 + HD(Ey).

Definition 2.2.6 (Independent words). We say that that two words w and
u are independents if for every pair of natural numbers {n’,m’'} # {n,m} we

have that w” u™ ¢ {w™” u™ , w™ u™ , u™ W™, u™ w" }.
We have the following result.

Proposition 2.2.7. Let W = {w,u}, where w and u are independent words.
Then 0 < HD(Ew ).

Proof. Without loss of generality we can assume that |w| = n < m = |u|.

Consider the real number s satisfying

1
_2ns 2ms'

1
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Consider the “conjugate” set of Ey defined by Ej, = {w,u}" and note
that HD(E};,) = HD(Ey) (to each covering of Ej;, there is a associated a
conjugate covering of Ey ). Thus to prove the proposition it is enough to see
that 0 < HD(Ej, ).

To prove the proposition we use the following lemma whose simple proof
can be found in [10], p. 32.

Lemma 2.2.8. Let E and F be two metric spaces. Assume that there is a map
h: E — F that is a-Holder. Then

HD(h(E)) <

HD(E).

Q|+

In view of this lemma to prove the proposition it is enough to construct
a surjective a-Holder map h: Ej, — [0, 1].

For each ¢ € Ej;,, we define, a sequence (c¢y)ren of embedded compact
intervals as follows: Given £ € Ej;,, £ = & ... with & € {w,u} let

1 1

Cel = [0, %} Af & =w or ¢ = [%, 1} Jif & = .
Supposing defined the intervals ¢; = [a;, b;], for i = 1,..., k, we define
b, —a _
Ce k1 = [akaak + ans kL if wp =w or
bk — Qf

Cepr1 = |ak + Jbe], i wep = w.

2ns

Finally we take
h(f) = lim Ce¢ k-

n—oo
This number is well defined since the intervals c¢; form a nested sequence
whose sizes go to zero as k — oo. More precisely, recalling the choice of s, we

have that the size |ce g1 of the interval c¢ 41 is

Ceps1] = 27" [een],  if G = w,

2—ms

Ceprt] = (1 —27") [cer| = lcerl, if Epp1 = u.
Therefore, since n < m,
lce k1] <277 |ce gl (2.2.1)

Lemma 2.2.9. The map h is surjective and *-Hdolder.

Proof. We first check that h is 2*-Hoélder. Take &, 6 € Ey, with § # 0. Write
€ =868 ... and § = 016,... where &;,60; € {w,u}. Take i such that & = 6,
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for every 1 < j < i and & # 6;. Then, by construction,

1
d(fae) > SG—Tymtn”

On the other hand, equation (2.2.1) immediately implies that

1
(&) = hO)] < ooy

Then

sn

()~ hO) < oy =2 (57) " <2 (s ) <2 d(E.0)F

We now check that h is surjective. Given x € [0,1] we want to define
a sequence & = §& -+ € Ejy, such that h(€,) = x. We proceed inductively:

If x € [0, 2%}, we let & = w, otherwise we let & = wu. Suppose defined

£1,&, ..., & and their associated intervals ¢y, co, ..., ¢, defined as above and
satisfying v € ¢; forallt=1,... . k. Welet & =w ifx € [ak, ag + b’;;‘;’“] or

&k+1 = u otherwise. By construction, h(€,) = z, This completes the proof of
the claim. O

By Lemmas 2.2.8 and 2.2.9 we have that 1 = HD([0,1]) < ZHD(Ey,),
thus 0 < 2 < HD(Ey, ), proving the proposition. ]
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3
Trivial spines

In this section we first characterize and state properties of spines. In
Section 3.2, we state simple conditions guaranteeing the triviality of the spine of
a sequence. Section 3.3 deals with a special kind of sequences, the 11-sequences
(sequences where the symbol 1 only appears in groups of even size). The main
result in this section is Lemma 3.3.5 that localizes the spines of 11-sequences.

Finally, in Sections 3.4 and 3.4.1 we prove Theorem 2 .
3.1
Characterization and properties of spines

Before going to our constructions let us introduce some notation. Given

a word a = wywsy ... wy, w; = 0,1, we let
Ga,t d:effwl,to"'fwr_l,tofwk,ta where fo,t = fo. (3-1-1)
We have the following characterization of a spine I¢ ;.

Lemma 3.1.1 (Characterization of spines). For every t € [0,1] and § =
§-.ET € Xy, if we write E_ = a0z ...Gy ... where a; are words in {0,1}, we
have

Ley = 1 Gay s © Gayt © -+ © Ga, ([0, 1]).

Proof. By definition of spine we have that x € I, if, and only if, g;nl,t 0---0
Jart © Gart(x) € [0,1] for every n € N, proving the lemma. O

We have the following corollary.

Corollary 3.1.2. Consider a set W = {u,w} consisting of two words. Suppose
that there is an interval [a,b] C [0,1] and a parameter t € (0,1) such that

[a,b] C gut([a,b]) and [a,b] C gw+([a,b]).

Then
la,b] C I¢y for every & € Syy.
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h1 h

Proof. Take a sequence ¢ € Sy and write gA— = uMw™ . uMw™ ... with

hi,n; > 0. By Lemma 3.1.1 we have that

ni

Iee = lim g}y 0 i)y o+ 0 gy 0 gy ([0, 1]).
Now observe that by hypothesis
[a.6] € gy 0 gy((a, b)), for every j € N,

Therefore by Lemma 3.1.1

[a,b] € lim gy} 0 gy 0+ 0 gy 0 giry([a. B]) C Ty,

which implies the corollary. O]

Lemma 3.1.3. Consider a finite word & and the periodic sequence E&. If ge, +,

t € (0,1), has a repelling fived point then the spine I¢, is non-trivial.

Proof. Denote by p the repelling fixed point for ge,+, then there exist ¢ > 0
such that [p — e,p + €] C ggu([p — €,p + €]). By Corollary 3.1.2 we have the

lemma. L]

3.2
A sufficient condition for trivial spines

Recall the definitions of the conjugate 53 of a one-sided sequence £~ and

of a spines I¢ ;.

Lemma 3.2.1 (A sufficient condition for trivial spines). Let £ = £~.6T € ¥

be a sequence such that
? =a1ay ...0r ..., for some sequence of finite words a;.
Suppose that there is p > 1 and C > 0 such that
1 1 1Y
- — - r
(gaht © Gay 1t © 7O gal,t) () 2 Cp
for a sequence r — oo and x € I¢;. Then I¢, is trivial.

Proof. Consider the spine I¢; of £ for F;. Then

> Cp|leyl.

1> ‘ (g(;l,t © gc;l_l,t ©---0 g(Ll,t) (Iﬁ,t)

Since that r — oo this implies that |I¢;| = 0 and thus I is trivial. O
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Roughly speaking, this lemma says that if the pass of the sequence ¢ is
contractive (corresponding to a concatenation of contractive functions) then
the spine £ is trivial. A simple form of to guarantee this contraction is to
consider sequences £~ with a lot of 1’s. More precisely, consider for £ = 0,1
the limit frequency of k’s of £~ given by

(€ iy P E WL £ =K

n—oo n

Proposition 3.2.2. Consider 6 € (0,1). Then I¢; is trivial for all & with

)

G1(€) > and t € (0,(3) 5 ).

Proof. Take §€ = (.67 € Y, as in the proposition and write E— =

(3.2.1)

Q105 .. .0y . ... The hypothesis implies that for every n € N there exist m > n

such that .
#ielmiei=1}

m
Recalling that f1; =t (1 — ) and § > fl(z) > 0if z € (0,1) this implies that

for all x € I, we have

(Jateo o fuko k) (@) > ¢ lml grmslom)

am,t ag,t i,

where |z| stands for the entire part of a number x € R. Now taking
1-6

ts = (6)~ ¢ and applying Lemma 3.2.1 the proposition follows. O

Corollary 3.2.3. Consider & such that ¢1(§) > 0. Then there is te > 0 such
that I is trivial for all t € (0,t¢].

Intuitively, the previous results imply that the set of sequences with
trivial spines “growths” as ¢ goes to 0". Note that the spines of sequences
of the form 07N.£* are non-trivial for all ¢ € (0,1]. Now a natural question
is to determine whether the spines with asymptotic frequency of 1’s equal to
zero have non-trivial spines for every t € (0, 1]. The answer to this question is

in general negative.

Proposition 3.2.4. There is a sequence £ € Y and t € (0,1) such that
$1(§) =0 and I¢y is trivial.

Let us give a heuristic naive explanation of this fact. Given a sequence
¢ with ¢1(§) = 0 it may occur that most of the pre-images of [0,1] by the
corresponding maps fall in regions where the map f; ' is expanding. This
implies that the distance between two different points of I, ; uniformly increases
after backward iterations. This will force the spine I¢; to be trivial.

The sequences we consider in what follows are of a special type where

the 1 digits appear in blocks of two elements. This will imply that the maps
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consider for defining the spines are concave. Having this in mind, we say that
a word a is a 11-word if the 1’s of the word a appear in blocks of even size,
that is,

a=0m 12" ™ 12t Omr mg > 0and ng,m; > 1fori=1,...,7.

We say that £ = £.£" is a 11-sequence if gA— can written as an infinite concate-
nation of 11-words and every block of 1’s have finite size (or equivalently, it

contains infinitely many 0’s). The map g, associated to a is called a 11-map.

Proposition 3.2.5. Consider & = & .£" such that & is a periodic 11-
sequence. Then I is trivial for every t € (0,1).

Consider now the subset P C 35 :
P = {¢ = d" where a is a 11-word}.

Proposition 3.2.5 implies that ¢, is trivial for every ¢t € [0,1) and £ = £ .€*
with £~ € P. Note that the set P is countable and therefore has zero Hausdorff
dimension. Thus to prove Theorem 2 (existence of a subset of X5 with positive
Hausdorff dimension and only having elements with trivial spines for every
t € (0,1)) we need to concatenate different 11-words in order to get a set
positive Hausdorff dimension.

We prove these propositions in the next subsection after give some

properties of 11-maps.

3.3
Localization of spines associated to 11-sequences

We begin with a simple property of 11-maps.

Remark 3.3.1. Given a pair of concave maps with positive derivatives,
g1, g2: [0,1] — [0, 1], its composition is also concave and has positive deriva-
tive. To check the concavity it is enough to see that (g1 0 g2)"(z) < 0 for every
z € [0,1]. Noting that ¢{(z) <0, ¢g5(z) <0, and g (z) > 0 it follows

(g1 092)"(x) = (91(g2(2)) ()" = g (g2()) (g5(x))* + g1 (92()) g5 (x) < 0.

Lemma 3.3.2. Let t € (0,1). If a is a 11-word then g.; is concave and
0 < ¢at(0) < gat(1) < 1. In particular, g,+ has a unique fized point py:

that s attracting.
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Proof. Observe that, since @ is a 11-word the map ¢, is a composition of
the maps fﬁt and fo that are concave and orientation preserving. Thus the
concavity of g, follows from Remark 3.3.1.

Note that by definition g,+(0), go:(1) € (0,1). As gas: [0,1] — [0,1] it
has at least one fixed point. We see that the fixed points of g, are attracting
points, thus g, has exactly one fixed point. Pick any fixed point z of g,; By

the mean value theorem, there is a y € (0, z) such that

: 9a,t(2) = 9at(0) _ 2= gas(0) 2
= Ja AN AP
ga,t(y) 5 — O P >
Hence, by concavity, g, ,(z) < g,.(y) < 1 and thus z is attracting. O

We now are ready to prove Proposition 3.2.4

3.3.1
Proof of Proposition 3.2.4

Let £ = £ .£" such that
£~ =110110011000110000. .. 1107110711 . . ..

That is £ is a 11-sequence.

Let v = 110 and denote by p.+ the (attracting) fixed point of g, ;. Note
that p, 1 = 1, p,; depends continuously on ¢, and p,; is close to 17 is ¢ is close
to 17. Thus there are A € (0,1) and ¢, € (0, 1) such that

fo(x) < A, for every z € [pyy, 1] and t € [to, 1]. (3.3.1)

Take

def def ; .
ap = v, a; = 0"v for every i > 1.

Lemma 3.3.3. It holds g, [(v) < X for all x € [p,y, 1], i >0, and t € [to, 1].

Proof. Observe first that g, is a contraction in [p, 4, 1]. The lemma now follows
from (3.3.1) and gy +([pust, 1]) C [pos, 1]- O

Lemma 3.3.4. There exists ng € N such that
golog,t o-rogtogiloga(Iesr) C [pog, 1], for every n > nq.

Proof. Note that there is ny € N such that f§(g,.:(0)) > p,: for every n > ny.

Therefore for every = € [0, 1] we have

gan,t('r> - f(;l o g’U,t(‘r) > f(q]‘b o gv,t(o) > pU,t'
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Therefore
Gons([0,1]) C [posn 1], for every n > no.. (3.3.2)

Note that g, +([pvs, 1]) C [pos, 1] and fy is increasing, therefore
Ga; t([Pvt, 1]) C [pos, 1], for every i > 0. (3.3.3)
Equations (3.3.2) and (3.3.3) imply that for n > ng one has that

gao,t o gao,t o ga1,t 0:--0 gan_l,t o gan,t<[07 1]) -

(3.3.4)
C Gap,t © Gag,t © Gaq,t © " © ganfht([p%t? 1])

By Lemma 3.1.1, we have

Ier = nh_{go Gap,t © Gag,t © Gar,t ©** © YGap_1,t © gan,t([07 1])

Since this limit is decreasing it follows that for every n > ng

Tet C Gapyt © Gapt © Gar,t © ** © Gan_1,t © Gant([0,1]).

Finally, from (3.3.4) one gets

]f,t - gao,t o gao,t o gal,t ©---0 ganfl,t o gan,t([p'u,t7 1])7 for every n Z no.

This immediately implies the lemma. O]

Take p = A~! > 1 and note that Lemmas 3.3.3 and 3.3.4 imply that for

every n and t € [ty, 1] one has

/
(0l gl ri o 000k 0 Garky 0 gy ) (@) = C AT, for every @ € Iy,
Lemma 3.2.1 now implies that I, is a singleton, proving the proposition. [

3.3.2
Proof of Proposition 3.2.5

In what follows, for a given 1l-word a recall that p,; is the only
(attracting) fixed point of g, ., see Lemma 3.3.2. We have the following lemma

which will be used also in Subsection 3.4.

Lemma 3.3.5 (Localization of spines). Consider two 11-words a and ¢ and
the set W = {a,c}. Fort € (0,1) let Jw, be the interval bounded by the fized
points pay and pey of gor and gey. Then ey C Jwy for every & € Sy and
te(0,1).

From this lemma one gets immediately the following corollary.
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Corollary 3.3.6. Consider a set W = {ay,...,a.} consisting of 11-words.
For each t € (0,1) let Jw, = [py,,, Dyy,| where

Py = min{p,,+, a; € W} and p*vi,vt = max{p,, s a; € W}

Then I¢y C Jwy for every £ € W oand t € (0,1).

We now prove the proposition. The sequence E: is obtained concatenating
a unique 11-word a. Thus we can take a = ¢ in the lemma. In this case we have

W ={a,c=a} and Jy,; = {p,.}. This concludes the proof of the proposition.

Proof of Lemma 3.5.5. Let us assume that Jy; = [pat, Pet). The proof is by
contradiction, suppose that there is € [0, po¢) N I¢; for some { =& =6 .6 €
Sy . Note that

—

" =wywyws ---w;---  where w; = a or c.

The fact that « € I, implies that

def _ 7

Tr = Gl 0 0 Gury 0 gl y(@) €10,1],  for all r > 1. (3.3.5)

Note that gu,+ = Gat OF Gu;t = Ger- AS & < par < per and Py, per are the
attracting fixed points of ¢, and g.., the concavity of these maps implies that
the sequence (), is decreasing and thus it has a limit z,, € [0, 1].

Note that f7,(0) = ¢ — t*. This implies that if v is a 11-word then
gvt(0) > t — t?. This implies that that x, > ¢ — t* and hence this implies
that o € [t — %, 2].

As x < p,; there is §, > 0 such that for every y € [t — ¢, 2] one has

max{g,; (), gor (¥)} <y — 6.

Taking y = z,, for large r we have

Lry1 = g;rlﬂ,t(wr) < Too

which is a contradiction.
A similar argument implies that (p.t, 1] N I¢; = 0. This completes the

proof of the lemma. O

Scholium 3.3.7. Consider the set W = {aq,...,a,}, where consisting of 11-
words. For each t € (0,1) let Jyw, = [py,,, Pyy,] where

Py = min{p,,+, a; € W} and p*vi,vt = max{pqg,+, a; € W}.
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Then Iy C Iy, for every & € Sy and t € (0,1).

34
Proof of Theorem 2

For each ¢ € N, ¢ > 2, we consider the set of two 11-words
By = {e, = 1%°0%, v = 110}

and its associated sets of sequences Ep, and Sg,.

Theorem 3.4.1. There is {y such that for every £ > £y and every t € (0,1)
the spine I¢y of any & € Sp, is trivial.

This result implies that Ep, C 55°7(0) for all t € (0,1) and ¢ > £,.
Therefore, by Proposition 2.2.7, for each ¢ > ¢, we have

0 < HD(Ep,) < HD(Z;7(0)).
This implies Theorem 2.

3.4.1
Proof of Theorem 3.4.1

. Given £ = £ .£T € Sp,, consider the conjugate of 8

—

&= e?"’u”le?l ...v"e, .., where hy,n; > 0 for ¢ > 0.

Assume first that is 5 € N such that h; = 0 for every ¢ > j or n; = 0
for every ¢ > j. Let us consider the first possibility (the second one is similar
and thus omitted). Note that is the spine of £ is trivial then the spine of any
o (€) is also trivial. Therefore we can assume without loss of generality that
h; = 0 for every ¢« > 0. In this case 5— is generated by the 11-word v and by
Proposition 3.2.5 one has I¢; is a singleton.

Thus it remains to consider the case where n;, h; > 1 for all i > 1 (note

that hg may be 0). This case is considered in the next proposition.

Proposition 3.4.2. There is £y such that for every ¢ > {y and for every
t € (0,1) there are constants C > 0 and n, > 1 with the the following property:
Given any § = .61 € Sp, consider the conjugate of E_

o ho..m1 hi

E =ev"et V" e ..., where hg > 0 and hy,n; > 1 fori > 1.
(3.4.1)
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Then
((ghr) o (gpy) oo (gh) o (gm) " o(gle) ™) (@) = Cny

forallr > 1 and x € I¢;.

Note by Lemma 3.2.1, this proposition implies that the spine I¢; is trivial
for all £ € (0,1) and £ € Sp,, ending the proof of Theorem 3.4.1.

Proof of Proposition 3.4.2: first part. Note that to prove the proposition it is

enough to see that

((ghr)) o (gp)torro(gh) o () ™) (z) > Cp

forallr>1and z € [U—Eo(g)’t, where hg = 3 ho (.

Consider the attracting fixed points p,; and p,; of the maps g, and
ge,+- Note that for ¢ close to 0 these maps are uniformly contracting, while for
t close to 1 this is not anymore the case (there are contracting and expanding
regions).

Define t; by the condition

gn0) =1,  tH=p"~ (3.4.2)

The choice of t; implies that
gys(x) € (0,1) forallt € (0,¢;) and = € [0,1]. (3.4.3)
The definition of ¢; also implies that for ¢ > t; there is (exactly) one point

¢vt € [0, 1] (depending continuously on t) with

gg,t(Qv,t) = 1, Quit, = 0.

For t € [0,t1] we let g, £ 0. Consider the fixed point a; = t/(1+t) of fi, and
note that for ¢ € (0,1]

- t ) t 2 t _ t —
gv,t(at) = Gt (1—|—t> —f1,t0f0 (—1+t) > f1 <—t+1) = P = Q.

This fact and the concavity of g,; immediately imply that
t
Dot > Pk for all ¢ € (0,1]. (3.4.4)
Remark 3.4.3. Consider a 11-word ¢ whose first entry is 0 and recall that g.;
is concave (Lemma 3.3.2). The calculation above implies that the fixed point

Pes of gey is larger than a; for every ¢ € (0, 1].
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Y

Ge,t ot De,t Dot
Tipespes

B2 <t <1

Figure 3.1: Trivial spine

Choice of /y. To define £, we need some preparatory steps. We first define
auxiliary constants ko and R.

The concavity of g, implies that ¢,; < p,, for all £ € (0,1]. By (3.4.4)
we have that a; < p, for all ¢ € (0, 1]. These two facts imply that the number

ko below is well defined,
ko = min{k > 0 such that 9ot (quy) < ay for all t € [ty,1]}. (3.4.5)

Let
RY max{g;t(at), t € [ty,1]}.

Lemma 3.4.4. R > 1 and
R >max{(g}',)(x): & € [as, poy), n €N, and t € [t1,1]} > 1.

Proof. We first see that RFo > 1. This is obvious if ky = 0. If kg > 1 its
definition implies that ky > 1 then a; < ¢, for some ¢. The concavity of g,
implies that 1 = g, (qu:) < g,,(a;) < R. Thus RFo > 1 proving the first
assertion.

By the concavity of g, (recall Lemma 3.3.2),
(gﬁ}t)’(at) > (g:}’t)'(:p) for every = € [as, puy| and t € [t1, 1].
This implies that

max{(g,,) (z): = € [ay, poe], n €N, t €[0,1]} =
= max{(gy,) (a): n €N, t € [t;,1]}.
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Thus it remains to see that
R0 > max{(g,,) (a;): n € N, t € [t1,1]}.
For each t € [ty,1] define k; as the first k with g;f(qv,t) < a;. Note that
k; < ko and gijt(at) < gy forall 0 <j <k —1.

Claim 3.4.5. It holds (g, ) (a) < (9b) (az) for allm >0 and t € [t1,1]

Before proving the claim let us deduce the lemma from it. First, if kg = 0
then k; = 0 and R = 1. In this case a; > ¢, for all t € [t1,1] and thus
(g0)(ar) < gi,(a;) <1 = R° Finally, if kg > 1, as R > 1, then from the

definition of k; one has
RY > R > 1> (g5, (a),

proving the lemma.

Proof of Claim 3.4.5. In what follows we fix ¢ € [t1, 1] There are two cases.
Case 1:n > k. Note that (g}%,)(a;) > v, implies that (¢03™) (g% (ar) < 1.

Hence
(g02) (ar) = (o ™) (gh(ar)) (gt (ae) < (g5%)'(ay).

Case 2: 0 < n < k;. In this case (git)(at) < @y for every 0 < j < k, — 1.
Thus
(900)'(90.4(ar)) > 1 for every 0 < j <k — 1.

This implies that

(gfft)/(at) = gg,t(gﬁ,ttil(at)) g;’t(gff[2(at)) e 'g;,t<gz7},t(at>> (gﬁt)/(at) > (gff,t)/(at).
This concludes the proof of the claim. O
The proof of the lemma is now complete. O]

We are now ready for defining ¢,. We let

lo = min{¢ >2 such that (f%)(z) < (2R)"™*Y for all z € [ay,,1]}.

(3.4.6)
Note that as f{(1) < 1 and f§(z) — 1 as n — oo, for every x € [ay,, 1], this

number is well defined.

Lemma 3.4.6. For every { > {y and t € [t1,1) one has

(FY (pos) < (2R)~otD) < 1.
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Proof. As p,y > a; > ay,, recall (3.4.4), the definition of ¢y and ¢ > ¢; imply
that

> (2R)” (ko 1) >( )(pvt) fo( 0 1<pv,t>>f0( 0 2(pv,t))“'f6(pv,t)-

As the product of the derivatives is increasing,

fO( 3 1(pv,t)) < fo( 0 2(pv,t)) <0 < f(l)(pv,t)a

we have that
f(fo Y p,,)) <1 forall te [ty 1].

The concavity of fo now implies that f3(f:°(p,.)) < 1 and thus
(&) (f8(poy)) <1 forall t€ [t,1].

This immediately implies that for all ¢ € [t;, 1] one has

(£ (Pos) = (o) (£6° (Po)) (£6°) (o) < (£5°) (o) < (2R)™**Y,

ending the proof of the lemma. O

3.4.2
End of the proof of Proposition 3.4.2

We now see that the expansion hypothesis the proposition holds for the
integer /, fixed above. We fix ¢ > (, and, for simplicity, write e = e,. Given a

sequence { € Sp, write

—

& = ehoymighiynzehz - qyneehe - swhere hg > 0 and hy,n; > 1 for i > 1.
For r > 1 define

7d—6fn1+2h11—|—n1 s ;er:eonfi—h,

2<i<r 1<i<j

Given any j € N we can write

j = jr+n, with 0 < 4, < h, if j € [A,, h,),
§ = jr+ hy with 0 < j, < n,qq if § € [hy, Npy1).
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Consider the spine of o3 (&) for F} that is given by

def

]O,t — IG—:MhO (5)715

and for every j > 1 define

S L— —hi e e T
[j,t:ge,g Ogv,? O'”Oge,tlogv,fd([O,t)? 1fj7“€[n7"7h‘7"]7

Ij,t = g;,gT © g;thT T 0 g;thl © g;?l (IO,t) if j, € []_lm ﬁv’—l-l]-

Note that, by construction, the spines satisfy
Ij,t = Io_fjfho(g)’t.

Remark 3.4.7. By Lemma 3.3.5, the set I;; is contained in the closed interval
Iie vy bounded by the fized points pe; and py; of gey and g,, respectively. In
particular, J;; C Jieny, for all j > 1.

There are two cases according to the value of ¢ € (0, 1).

Case 1:t < t; = 37Y2.  In this case g, is a contraction (recall (3.4.3)). We

claim that g.. is also a contraction. Note that for any x € [0, 1] it holds
gea(w) < g24(0) = (fif o f5)'(0) = *(fp)'(0) = 5" <
<80 = gtg =1,
Thus, in this case g, and g.;, are expanding in [0, 1] and thus (3.4.1) holds.

Case 2:t > t, = 312 We need to consider two cases according to the

relative positions of p.; and p, ;.

Case 2A: pyt < Det- By Remark 3.4.7, we have that [;; C [pys, Det]. We
now see that g., and g, are uniformly contracting in [p, ¢, pe+]. By concavity

of ge+ we have ge¢(pyt) > pur - Thus

Dot <Per and gl (pus) = (fi1 0 fo) (o) < (fs) (Poy) < 1,

where the last inequality follows from ¢ € [t1, 1) and Lemma 3.4.6. By concavity
this implies that
gou(x) <1, forall & € [puy, pey.

The contraction for g, follows noting that

gz/),t(x) S gq/;,t(pv,t> <1 forallze [pv,tvpe,t]'

This completes the proof of Case A.
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Case 2B: per < ppt. By Remark 3.4.7, we have that [,; C [pes, o). In this

case, the proposition is a consequence of the following lemma.
Lemma 3.4.8. Let x € oy C [pey, pvt]. Then, for every j > 1, one has

!/

(@ e @ e @™ o (g ™) () 2 2

Proof. We first estimate the derivatives of ggt For that recall that the interval
[De.t, Pvt] is contained in [as, 1], see Remark 3.4.3. Since a; is increasing with ¢,

it follows that [p.t, py| is contained in [ay,, 1]. Thus Lemma 3.4.6 implies that
(f9(x) < 2R)~"® ) for all 2 € [pes, pus)-

Therefore,
gé’t(x) < (fg)/(x) < (QR)_(k°+1), for all € [pet, put)- (3.4.7)

Observe that if z € Iy;_1; for some i € N, then g_;"(z) € [pes, pos) for every
0 < m < h;. The concavity of g.; and (3.4.7) implies that

(ggft)’(a;) < (ggyt)hi (z) < (2R)™™ (ko+1) " for every z € Iyi 14 and i € N.

(3.4.8)
This provides an estimate for the terms with subscript e in the product in the

lemma. To estimate the complete product define

. —h; . m
Ciep = min (g.,°)(z)  and  ¢ip = min (g,")(2).
[pE,hpv,t] [Pe,t,pv,t}

Note that

[pe,tvpv,t]

-1
e = mox (02))
From Lemma 3.4.4 and (3.4.8) we have

(Ci,v,t) > R*koj and Cjet = (2R)hi(k’0+1)

Using these inequalities and h; > 1, we obtain that for every x € Iy,

(G o gh ™ o (o)™ 0 (9207 () 2 (€1e) (€a) - ene) (€100) =

> (2 R)Mkoth) p=ho (2 R ko) pko >

B oot hy hibethy) (ko+1) =7 k j
223"" +1R(3+ +1)(0+)T022j’

for every j € N, thus proving the lemma. O]

The proof of Proposition 3.4.2 is now completed. O]
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4
Stabilization of spines. Proof of Theorem 3

In Section 3 we described a large subset of 5 for which the spines
are abruptly created at ¢ = 1. In this section we prove Theorem 3 that is
a result in the opposite direction: there is also a large subset of Y5 with
Hausdorff dimension bigger than one where the spines are non-trivial and
depend continuously on the parameter ¢ for ¢ = 1 (in particular, these spines
are created before t = 1).

In the previous section, we restricted our attention to 11-sequences. This
allows us to use properties of concave maps of the interval. In this section, our
approach is in some sense the opposite: we consider words with an odd number

of ones and their associated maps which reverse the orientation.

Proof of Theorem 5. Consider the set of two words
C = {u=0101,s = 001001},

its associated maps g, ¢ and gs4, t € (0, 1], and the sets Ec C 35 and S¢ C X.
By Proposition 2.2.7 we have that 0 < HD(E¢). Remark 2.2.5 now implies
that
1 < HD(S¢).
Let X5 = {€ € X, such that the spine of ¢ is stable at t = 1} .

Proposition 4.0.9. S¢ C X§

This proposition immediately implies
1 < HD(X5),

thus proving Theorem 3
We now prove Proposition 4.0.9. For that first recall that
A2 11—\
FT-517
Claim 4.0.10. The points 0 and 1 are hyperbolic attracting fized points of gy

1 = /A<l (4.0.1)

and gs 1.
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Proof. We prove the claim for g,;, the proof for g,; is identical. Since
fii(x) =1— 2 and by hypothesis A < 1 (recall (4.0.1)) we have

9u,1(0) = (foo fiio foo f11)(0) =0,
9u1(0) = (foo frao foo f11)'(0) =
= fo(1 = o) (=) (f5(D)(=1) = fo(0)(fo(1)) =
=0A<1,
Gu1(1) = (foo fino foo fi1)(1) = fo(l = £o(0)) = fo(1) =1,
9ur(1) = (foo firo foo fr1)(1) =
= fo(1 = f0(0))(f5(0)) = f5(1)(f5(0)) =
=pBA<1.

This implies that 0 and 1 are hyperbolic attracting fixed points for g, ;. n

For j = u,s and t € [0,1] close to 1, we denote by p9, the continuations
for g;+ of the hyperbolic fixed point 0 of g;;. Similarly, pjl-vt denotes the
continuations of 1 for g;.

Consider the sets of words

def def

U = {0,01,010,0101} and S = {0,00,001,0010,00100,001001}.
Lemma 4.0.11. There exists t € (0,1) such that
pg,tvpg,t’pi,tvp;,t €[0,1], for every t € [t,1].
In particular,
gm(p;t) € [0,1], for everyu €U andi=0,1

and
gs¢(pty) €[0,1]  for every s € S and i =0,1.

Proof. The second part of the lemma follows from p§-7t € [0,1] for = 0,1 and
j=s,u, and f;,(]0,1]) C [0,1],7=0,1.

Thus to prove the lemma is enough to see that pj ,,p2,,py,,, pi; € [0,1]
for ¢ < 1 close to 1. We prove this fact for the continuations pj, , and p,, ,.

By Claim 4.0.10 one has 0 < g, ;(1) < 1 and 0 < g;;(0) < 1. Thus for

every ¢ > 0 small enough we have

gu,l(_é) > —(5, gu71((5> < 5, gu,l(l — (5) >1-— (5, gu,1<1 + (5) <1+ 5,
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gS /

0 0 11
qu,,l =pii=1 Pt Put Pu,t Ps.t

t=1 t<t<l1
Figure 4.1: A big spine

and (g,1) () <1 for every x € [—0,0] U [1 — 4,1+ 4].

Note that for any ¢ € (0,1) we have ¢,(0) > 0 and g,,,(1) < 1. This fact,
the continuous dependence on ¢ of g, , and g, () < 1in [~d, 6] U[l — 4,1+ 0]
for ¢ close to 1 imply that there exist ¢, € (0,1) and small § > 0 such that for

every t € [t,, 1] we have

Gut(0) <9, gur(z) >z, forall z € [—0,0),
Gut(1—=0)>1—0, gue(x) <z, forallz e [l,1+4].

These inequalities that p), € (0,0) and p,, € (1 —4,1) for all t € [t,,1),
proving the lemma for the continuations p,, and pj,. Arguing similarly, we
get t, such that p?, € (0,9) and p}, € (1 —4,1) for all ¢ € [t,,1). The lemma
follows taking ¢ = max{ts, t,}. O

Let t as in Lemma 4.0.11 and for each ¢ € [t, 1] define

0 def 0o 0 L mmindpl . pt
Py = InaX{pui,ps,t} and by = mln{pu,t7ps,t}'

Note that p) < p;. We have the following lemma.

Lemma 4.0.12. There is t € [t,1) such that [p?,p}] C I¢; for all ¢ € S¢ and
t €[t 1].

Proof. For each parameter ¢ € [t, 1] and i = s, u consider the sets

def

F,; ={r€]0,1]: gi+(r) =r and r is not an attractor}.
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Select the following subset of parameters

def

L={telt1]: (Fu,t U Fsvt) N ([O,pg] U [pi’ 1]) =0}

Claim 4.0.13. There ist € [t,1) such that [t,1] C L.

Proof. Note that for ¢ = 1 one has
0=p =poy=00; and 1=p;=p,; =py,

and these points are hyperbolic attractors of g, ; and gs;. Thus there is small
e > 0 such that for ¢ close to 1, ¢ < 1, the only fixed point of ¢, ; in [1 —¢, 1+ ¢]
(resp. gss) is py, (vesp. pi,) which is the continuation of 1 and is attracting).
Similarly, the only fixed point of g,; (resp. g.;) in [—e,€]) is p)), (vesp. pg,).
This completes the proof of the claim. O]

To prove the lemma we see that [pY, p}] C I, for every £ € S and t € L.
For that, given £ € S¢ write

—

- =uMmsmauhr s
where h;, n; > 0 for ¢ > 1. By the characterization of the spines in Lemma 3.1.1,
Iey = lim gy o glio---ogyy o g2([0,1]).
Therefore to prove the assertion it is enough to see that

Guyogeion-ogyyogii(1) = py and gy oglio-ogyr o gl (0) < pp. (4.0.2)

In fact, we prove a bit more general property that immediately implies the

inequalities above

Claim 4.0.14. Lett € L. Then
- guh © 9ui(@) € [p} 1] for every x € [p}, 1] and
- s 0 g24(x) € [0,pY) for every x € [0, pf)].

Proof. We just prove the first item, the second follows analogously. There are
two cases:
Case 1: p; = pi,. Note that in this case, by the definition of the set of

parameters L, we have

gh.(pi,) > pi, forevery k>0. (4.0.3)
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As g, is orientation preserving this implies that for every x € [p}, 1] we have

Gust © g:@(m) > Gyt © 9:%(17;,15) = guft<pi7t) > pi,t

where the last inequality follows by (4.0.3).

Case 2: p{ = p,,.  In this case we have
N N N 1
Jm g5y (Pue) = Pop 2 Pug
and since gs, is orientation preserving, this implies

gf,t<pi,t> 2 pi,t for every k>0 (4.0.4)

As that g, preserves the orientation we have for for every = € [p;, 1] that

h; , h; , h;
9u’t © g:i(x) > Gyt © g:ﬁ(pi,t) = gu,]t(pvi,t> > p71J,,t’

where the last inequality follows by (4.0.4). This ends the proof of the

claim. O
The proof of the lemma is now complete. ]

We are now ready to finish the proof of Proposition 4.0.9. Fix small € > 0.
As the points p? and p; depends continuously on ¢, there is ¢, € [t, 1) such that:

€ €
_<1__

5 5 < p; for every t€ [t 1].

0
Py <

By Lemma 4.0.12 this implies 1 — € < |[p?, p}]| < |I¢.|, which ends the proof
of the theorem. O
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5
Trivial versus non-trivial spines: Preponderance of trivial
spines

In this section we compare the subset of sequences with no-trivial spines
and the subset with trivial ones. Theorems 4 and 5 say that, for every ¢ € (0, 1)

the subset with trivial spines is, in some sense, dominant.

5.1
Proof of Theorem 4

Proof. First we note that by Proposition 2.1.4 we can work with the metric

d(w,0) = 27"=9 where nyy is the smallest |n| such that w, # 6, which is
equivalent to the metric d.
Fix ¢t € (0, 1] and let

def

Yt = {€ €3y such that x € I¢,}.

The following proposition is the key step of the proof of Theorem 4.

Proposition 5.1.1. Given t € (0,1) there is p; < 2 such that
HD(3, ;) < pt <2

for every t € (0,1) and x € [0, 1].

We first see how Theorem 4 follows from this proposition. Note that if the
spine I¢, is non-trivial for F; then it contains some rational number x € (0, 1).
Therefore

e U e

z€QN(0,1)

and, by Proposition 2.1.5,

HD(Z),) < sup HD(Z,,) < py < 2,
’ z€QN(0,1)

proving the theorem. O
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Remark 5.1.2. Consider ¢t € (0,1). Recall that if £ is a sequence such that
¢ has at least two 1’s then I¢, is disjoint from 3 x {0,1}. This implies that
for t € (0,1) one has

HD(Xo:) = HD(Xy,) = 1.

Proof of Proposition 5.1.1. Fix t € (0,1). Note that f£,([0,1]) C (0,1). Thus
fo(f2,([0,1])) — 1 as n — oco. On the other hand, f',(f5([0,1])) converges
to the fixed point of f1; as n — oo. This implies that there is large NV, € N
(Ny — o0 as t — 1) such that

(F =20 f2,00,1)) () (A2 0 fi00, 1) = 0. (5.1.1)
Fix x € (0,1) and define

ZK def{ 6 {0 1}KNt Such that T E gwt([O 1])}

We now give an upper bound (independent of the point € (0,1)) of the
cardinality of this set

Lemma 5.1.3. # X, < (2M — 1)K,
Proof. Write N = . Consider w € EK+1 and write w = wywy where

|lw| = KN and \wgl = N. Note that

T e Gun,t © gfua,t([ov 1]) - gw17t<[07 1])

Therefore wy € X%,
By (5.1.1), if gL () € £ 20 £2,(10,1]) then g%, () & fY 20 f2([0,1]).
This implies that there is at least one element u € {0,1}" (a word with
lu| = N) for which g, o g5, () ¢ [0,1] Thus, necessarily, w # wyu. This
implies that
#UE <#BE 2V —1).

Arguing inductively we get
#up <2V =D,

proving the lemma. O

Claim 5.1.4. The set X, has a covering Ui consisting cylinders of diameter

27 KNt with (at most) 2ENeHL(2Ne — 1)K clements.

Proof. Take § € ¥, and write §A— =ajay...ar..., a; €{0,1}. Observe that

for every K one has that ajas...axn, € Eft. By Lemma 5.1.3, this implies
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that the set X, has a covering Uy by cylinders of diameter 275 with at

most 25N+ (2N — 1)K elements. O

Let Uk be a covering of X, ; as in the claim. The claim implies that for

any s € R .
ms(Upe) < 28NeHt (2N — 1)K (278N, (5.1.2)

Recall that
Ms.e(Xzr) = inf{ms(U) where U is a covering of ¥, ; with diam(U) < €}.
Therefore if 275N < ¢ then
Ms.e(Brr) < ms(Ur).
Thus from equation (5.1.2) it follows that
Mo(Sas) = lm my (S,,) < lim 28N (98 1)K (9-KNiys _

e—0+ ~ K—+o0

— lim 2 (2Nt 2V — 1) (2Nt5))K

K—+oc0

Hence the Hausdorff dimension of ¥, ; is upper bounded by the number s € R

satisfying
2Ne (2N — 1) (27) = 1.
Therefore log(2™ — 1)
Og t
HD(>,,) <14+ ——= = 2,
() < 1+ N, log 2 pr <
which ends the proof of the proposition. ]

We have so the following result that is a directly consequence of Theo-

rem 4:

Corollary 5.1.5. The Hausdorff dimension of the set of sequences with trivial
spine for some t € (0,1) is 2.

Proof. Define
T = {¢€ € %y, such that I, is trivial for some ¢ € (0,1)}.
We have that

2 = HD() = maz{HD(MNye0,)3,) , HD(T)}.


DBD
PUC-Rio - Certificação Digital Nº 1121540/CA


PUC-RIo - Certificacdo Digital N° 1121540/CA

Chapter 5. 'Irivial versus non-trivial spines: Preponderance of trivial spinks

Theorem 4 implies that
HD(Mieoy%3,) < 2,

then we have HD(7') = 2, proving the corollary. O

5.2
Proof of Theorem 5

In view of Proposition 2.2.1 Theorem 5 is in fact a consequence of
Theorem 4.

Proof. Recall that Proposition 2.2.1 implies that b,/ = msy. Thus the theorem

is an immediate consequence of the following lemma.

Lemma 5.2.1. my(¥3,) =1 and mQ(ﬂtE(Oﬁ,l) 2;) =1.

Proof. By Proposition 2.1.5,
2 = HD(%,) = max{HD(X}), HD(Z7,}
and by Theorem 4 HD(2},) < 2. Thus it follows that
HD(X3,) = 2.

On the one hand, Theorem 4 implies that mg(Eé\(t) = 0. Thus
1= ma(D) = ma(E3) + ma(X7,) = ma(X7)), (5.2.1)

completing the proof of the first part of the lemma.

To prove the second part of the lemma take Ej; the characteristic
function of the cylinder C(0;1) = {£ € ¥3: § = 1} and note that (recall
equation (3.2.1))

b1(6) = —liminf TR L& =Ry >0=o Eny (o’ ©)

n—oo n n—o0 n

Since o is by p-ergodic, the Birkhoff Ergodic Theorem implies that there is a
set Sy satisfying by /2(3\]2) = 1 such that for every & € S, this limit is exactly

1
,(§) = /Em dby /sy = 3

Now take an increasing sequence (z,)neny of real numbers such that
lim, ..z, = 1/2. Note that if £ € 3y then ®y(&) > x, for every n € N,
thus Proposition 3.2.2 implies that I.; is trivial for every ¢ € 5, and
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te (O,B_I;zn) C (0,871). Taking n — oo, we have I, trivial for every £ € Sy
and t € (0,371). Thus S, C mte(o,ﬁ—l) Egt ending the proof of the lemma. [

The proof of the theorem is now concluded. O]
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6
Persistence of non-trivial spines: Proof of Theorem 1

In this section, we prove Theorem 1 about the occurrence of persistent
non-trivial spines and the Hausdorff dimension of this set of sequences.

To prove the theorem, fix a decreasing sequence (,)nen converging to
zero, t, € (0,1]. Since A < B\ < 1 < 3 there are non-decreasing sequences
(kn)nen € N and (7,,)neny € N such that

ty > 7k > gkt 5 (g \)ratL) (6.0.1)
In particular, the previous equation implies that
ty > fFn > gt 5 grlhadradl) o gr(bntrat2) o \ratl, (6.0.2)

For each small v € (0, 1), consider the fundamental domains of f; in [0, 1]
given by

Define ¢(y) as the first number with
fo (DY) N D} # 0.

It is not difficult to see that there is a strictly decreasing sequence (7, )nen such
that «(y) =n —1 for all ¥ € [y,,V,_1) and fé(%)(Dgn) ND,1 ={1—~,}. This
implies that
[0 DS, = f3(DS,) = D, (6.0.3)
for details see [8].
Fix v = ~y for a large N (thus 7 is small) and using the sequence (7, )nen

above define the set
i=0

Note that if m < n then r,, <r, and thus F,, C E,.
The key of the proof of the theorem is the following proposition:

Proposition 6.0.2. Consider sequences of natural numbers (rp)nen and

(kn)nen and of parameters (t,)nen as above. Then
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ETL C <f(])fn+7‘n+N o fl,t(En)) m <fé€n+7"n+N+l o fl,t(En>>, (604)
for everyn € N and t € [t,, 1].

Proof. To prove the inclusion let us assume (for notational simplicity) that fy

is affine in [0,7] and [1 — v, 1],
fo(z) =Bz and fo(1 —x)=1— Az for every z € [0,7],
(the proof in the general case is analogous). In this case,
E,=1[1—7,1-)\"ty]
By definition of N we have that
fo E B = fy ([ =, 1= W) = [y, 5y

and
fo—(kn-l-rn-i-N-l—l)(En) _ [6—(kn+rn+2)7,ﬂ—kn—l,ﬂ.

This implies that

— —(kn+rn 1 p—kp 1 ekt
fid o fy SN B, = (L= 7 3Ry, 1= 7 gty
fl_,tl o f(;(kn+Tn+N+l)(En) — [1 _ t—lﬁ—kn—l,.)/7 1— t_lﬁ_(kn+rn+2)’y].

By (6.0.2), for the parameter t,, one has that

[1 o t;lﬁ_k"’y, 1 — t;lﬁ—(kn—i-rn—i—l),y] C [1 —, 1 — /\Tn-i-l,y] -

[1 . t;lﬂfknfl,y’ 1 — t;lﬁ*(kn+’r‘n+2)ﬁy] C [1 — 7, 1 — )\TnJrl,y] _ En
Since these inclusions also hold for ¢ € [t,,, 1] it follows that
fil o fy E (B € L= 1= N C B, 6.0.5)
fid o fg ET B C L=y, 1= XS] C B,
These inclusions immediately imply the proposition. O]

Consider now the sequence
Sj d:ef k‘j + ’f’j + N .
Denote by v,, the word v, = 0”1 and define the following subset ' of ¥,

I = {¢ € %5 such that £ = vy, 14, Vsypin - - - Vs, - - - 15 € {0,1}}
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It is immediate to check that the set I' is non-enumerable. Therefore the lemma

below implies the first part of Theorem 1.
Lemma 6.0.3. I' ¢ ©,°V(0).

Proof. Note that the maps g,, ,, : are of the form
gvsn+in7t — f§n+Tn+N+ln o th’ Z — O, 1

Applying Proposition 6.0.2 to g,,, ¢+ (i, = 0) and g,, ., + (i, = 1) and the sets
E,, C E,, n > m, one has that

E, C E, C gu,, ., +(E,) forevery n>m and i, € {0,1}. (6.0.6)

This implies that, for any choice of i,,, i1 € {0, 1},

En C gvsm+¢m,t(Em) - gvsm+¢m,t(Em+1> C Gusptimit © gvsm+1+¢m+1,t(Em+1)'

Arguing recursively, for n > m and fany choice of i,,, i1, ..., 0, € {0,1}, we
get that

Em C gvsm+im7t(Em) C gvsm+im7t © gvsm+1+im+1yt G:::0 gvanrin,t(En)-

Therefore

Em - TLILIEO gvstrimvt © gv5m+1+im+1’t e © gv5n+invt([07 1])

It follows that (for any choice of iy, ... ,4,, - € {0,1})

Gvs 4iy t © 77" O gvsm_1+im_1,t(Em) C lim Gug 4iy t © 77" 0 gv5n+in,t([0> 1]) = If,tv

n—oo

where the last identity follows from Lemma 3.1.1. As F,, is a non-trivial
interval, we have that I, is a non-trivial spine, ending the proof of the

lemma. OJ

To prove the second part of the theorem, fix a small ¢y > 0 and consider
the sequences (t,), (k,), and (r,,) in (6.0.1). Given ¢t > ¢y, equation (6.0.4) in
Proposition 6.0.2 holds for all ¢ > t,,. Note that tq > ¢,, for some ng, thus for
every t >ty and n > ng it holds

E, C ( FltratN th(En)) N ( flntratN+1 fl,t(En)). (6.0.7)

Consider the words

wE OFnotmot N and 0 = QFno+rno tN+1Y
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the set A = {u,v}, and its associated set of backward sequences E,. By
Proposition 2.2.7 the Hausdorff dimension of E, is strirctly positive. Thus

the second part of Theorem 1 follows from the next lemma.
Lemma 6.0.4. E4 C EZ_’N(tO).

Proof. Take £~ € E4 and any sequence & of the form £ = (£7,&T). By (6.0.7)

we have
E, C gut(E,) and E, C g,+(E,), forallt e [ty,1).

Corollary 3.1.2 now implies that F,, C I;. Since F,, is non-trivial this proves

the lemma. O

The proof of Theorem 1 is now complete. O
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7
Persistence of non-trivial spines after their generation

The subject of this section is the persistence of non-trivial spines after
their generation. More precisely, we consider the following naive question:
Consider a parameter o € (0,1) and a sequence & such that I¢,, is non-trivial.
Is I¢; non-trivial for all ¢ € [to, 1]7.

In this section we prove Theorem 6 and so answer negatively to question.
For this we construct a examples of porcupines with a evanescent spine (there is
a sequence £ € Yy and parameters 0 < ¢; < ¢y < 1 such that I;, is non-trivial

and I¢, is trivial for every ¢ € [ta, 1)).

7.1
A porcupine with an evanescent spine

We first construct a special model of porcupine, where fy is piecewise
affine and there is an evanescent spine. Thereafter we will modify this con-

struction to obtain a map f; that is C2.

7.1.1
A evanescent spine: a piecewise affine model

Consider the skew product map F; defined as in (1.2.1) whose fiber maps

are

foi(x) = folz) =

fir(x) =1t(1 —x).

Note that fi(x) < 1 for every x > 1/4 and that f1,(0) = ¢, thus fy satisfies
the contracting property (C) for all ¢ > 1/4.

Proposition 7.1.1. Consider the one-parameter family of skew product maps
E; above. The spine of the periodic sequence w = 107 s non-trivial fort = %
and is trivial for t € (3,1).

def

Proof. We split the proof of the proposition into two lemmas. First let u = 10.
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Lemma 7.1.2 (Non-trivial spine). The spine of w = 107 is non-trivial for

1
t=1.

Proof. The restriction of g,1/2 to [0,1/4) is of the form

1
—1—§x.
: (1-3)

Thus 2/9 < 1/4 is a fixed point of g, 1/2. Since g, , ,(2/9) = —5/4, this point
is repelling and by Lemma 3.1.3 the spine I/ is non-trivial. This proves the

lemma. O

Lemma 7.1.3 (Trivial spine). The spine of w = 107 is trivial forte (3,1),
]w,3/4 - {2L+t}

Proof. The proof is by contradiction. The restriction of g, to [0,1/4) is of the

t (1 — gaj) .
Then for z € [0,1/4) we have

Gusla) =t (1—235) - (1_2}1> _ (g)

This implies that g,:(z) > x for every z € (0,1/4) and ¢ > 2/3 and thus
the fixed points of g,; are in (1/4,1]. Since g, +(x) is a contraction in (1/4, 1]

form

(the derivative is —t/2) this fixed point is unique. A straighforward calculation
gives that this fixed point is ¢ = 2L+t

If the spine is non-trivial then g, ; necessarily has a periodic point ¢’ # ¢
of period two. It means that gfm has n periodic points, n odd n > 3 and the
point ¢ is the central one, then there are at least one periodic point smaller than
q and one periodic point bigger than ¢. Since that g7 ,(0) > 0 and g2 ,(1) < 1

and g, changes the deride at most three times, it is not possible. O

This completes the proof of the proposition. n
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Figure 7.1: A evanescent spine

7.1.2
A evanescent spine: general case

We now go to the construction of an evanescent spine in the general
differentiable case. For that we modify f; in an small neighborhood of the
non-differentiable point x = 1/4 and denote by fo the resulting map and by
Ju+ the corresponding compositions of ]?0 and ]?17,5 = fi1+. Finally, we let F, the
skew product map associated to ﬁ) and j?l,t.

Recall that 2/9 is the fixed expanding point for g,1/2 and, for t > 2/3,
t/(2+t) is the attracting fixed point for g, ;. Given ¢ > 2/3 consider the “orbits”

Oz/9.172 =12/9, fo(2/9)}  and - Oyaraye = {t/(2+1), fo(t/(2+1))}-

Claim 7.1.4. Given € > 0 there exist a neighborhood V' =V, of 1/4 such that
VN (02/971/2 U Ot/(2+t)’t> = @ for every t e [2/3 + €, 1)

Proof. Let € > 0. Observe that 1/4 ¢ Oz/91/2 and (2/34€)/(2+2/34¢€) > 1/4
for any € > 0. Since that the fixed point ¢/(2+t) increase with ¢ and fo(z) > x
for every x ¢ {0,1}, we have that there exist a neighborhood V' of 1/4 such
that VN (O29,1/2UO;(241):) = 0 for every t € [2/3+¢,1). Finally we can take,
if necessary, a small neighborhood V' of 1/4 that satisfy the claim. n
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We consider fo such that f() is C? and f0|R_V = fo. To prove Theorem 6
is enough to prove the following proposition.
Proposition 7.1.5. Consider the one-parameter family of skew product maps
F\t. The spine of the periodic sequence w = 107 is non-trivial fort= % and 1

trivial for every t € [% + €, 1).

Proof. Since that Os/91/2 NV = ) one has that

fq\u,l/2(2/9) = fl,l/2 o ]%(2/9) = f1,1/2 o f0(2/9) = 2/9

and

Tu12(2/9) = f112(f2(2/9) Jo(2/9) = fi12(fo(2/9)) f5(2/9) = —5/4.

Thus 2/9 is a fixed expanding point for g,/ and by Lemma 3.1.3 I/ is
non-trivial.

Analogously, we see that ¢/(2 +t) is a fixed attracting point for g, for
every t € [2/3 +¢,1).

Lemma 7.1.6. [, = {t/(2+1t)} for everyt € [2/3+¢€,1).

Proof. Fix t € [2/3 4 €, 1), the proof is identical to the one of Lemma 7.1.3
and follows by contradiction. If I, # {t/(2 +t)} then g, has at least one
periodic point ¢’ of period two that not is attracting.

It means that git has n periodic points, n odd n > 3 and the point ¢ is
the central one, then there are at least one periodic point smaller than ¢ and
one periodic point bigger than ¢. Since that g2,(0) > 0 and g ,(1) < 1 and

git changes the concavity at most three times, it is not possible. O]

The proof Proposition 7.1.5 is now complete. O


DBD
PUC-Rio - Certificação Digital Nº 1121540/CA


PUC-RIo - Certificacdo Digital N° 1121540/CA

8
Appendix A: Skew-products and homoclinic and heteroclinic
intersections

We now see how the definitions of a heterodimensional cycle and a
homoclinic class can be adapted in the case of one-step skew product maps

over a shift.

8.1
Indices of periodic points

For differentiable maps the index of a hyperbolic periodic point is the
dimension of its unstable bundle. In this way one can speak of a pair of saddles
of f with different indices.

For a one-step skew-product map F(&,z) = (0(§), fe(z)) defined as
in (1.2.1) with one-dimensional fiber maps (differentiable only in the fiber
direction) a periodic point P = ((&) . .£W_1)Z,p) of F' of period 7 is hyperbolic
if

figoer )(P) = (for1g 0 -+ 0 fe) (p) # £1.

This periodic point is contracting if the above derivative has modulus less than
one, otherwise the point is expanding. In this way, a pair of periodic points have
the same index if both points are contracting or both points are expanding.
Otherwise the points have different index.

Observe a hyperbolic periodic point P = ((fo . .fﬂ_l)z,p) of period 7 of
F has a uniquely defined continuation, that is, every skew-product map G close
to F (ie., G(§,z) = (0(£), ge, () where g; is close to f;) has a periodic point
Pg of the same period and index as P which is close to P. More precisely,
the map gig,..¢,_,) is close to fig. ¢,_,) and thus there is p, close to p with
Gico..ex_1](Dg) = pg- Then Pg = (£, py) is the continuation of P for G. Note that
Pg has the same period and index as the ones of P.

For a hyperbolic fixed point p of fg,. ¢, We consider its local invari-

ant manifolds W™ (p, fie,..c,.))- If p is contracting (resp. expanding) then

loc

Wik, fieo.em)) = AP} (vesp. WiE.(D, figo..em]) = 1P})-
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8.2
Invariant sets

Let us first introduce some notation. We denote by

N

((P—r"'ﬂ—l) 777n"'77—1-770"'77k(041"'04m)N)

the sequence & = (&;);ez € Xy defined as follows
~&=mnifie{-n,...,0,... k}
— &prsmei = ; for every i € {1,...,m} and s > 0;
— & psri=p_iforeveryie {l,...,r} and s > 0.
Let R = ((&...&-1)%,r) be a hyperbolic periodic point of F. The set
W*(R, F) is defined as the points (1, z) € ¥y X R satisfying:
=& &)Y), k=sm—1,
- f[nO"‘Tik]<x> S mf)c<rﬂ f[&om&rﬂ])'

Similarly, the unstable set W¥(R, F') is defined as the points (7, )
satisfying:

7n:((50..'571'_1)1\177_]‘7'..77—1'”.)7 k:STra
a f[;iln—k]<x> < VV;;C(T, f[&on-gﬂ,l]).

8.3
Homoclinic and heteroclinic intersections

Given a hyperbolic periodic point P = ((50 : ..fw_l)z,p) of F' a point
such that X € W*(P,F) N W*(P, F) is called a homoclinic point of P.
Homoclinic points behave as transverse ones in the differentiable setting
and have continuations. More precisely, assume that P is contracting. Then
W (p, fieo.en1) = {p}. Since X = (n,x) € WP, F) N W*(P,F), after

replacing X by some iterate we can assume that

X = (7’],ZL‘) = ((50 s SW—I)N Mo - - N (SO .. 'gﬂ—l)Nwr)'

As W"(p, fieo..€._11) = {p} this implies that = p and thus X = (1, p). Note
that

FPU(X) =X = (0,2) = (0, fige)(P)),  where ) = (- (& &—1)").

This implies that & € (p — d,p+ ) C Wi (D, figo..ex1])-
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Consider now G close to F' and the continuation Py = ((50 . .é}r_l)N,pg)
of P. If G is close enough to F then (p —d,p+9) C W (pg, gieo...e,_1])- Define
the point Xg = (n,p,) € W*(Pg,G) and note that G™(Xg) = Xo =
(71, 9io..nn] (Pg)). Since G is close to F we have that gp,,.,1(pg) is close to
fino...m1(p) and thus

Yo (Pg) € (p— 0,0+ 6) C Wi (Pg Jieo..n1])-

This implies that Xo € W?*(Pg, G) and thus X is a homoclinic point of Pg.
We say that X is the continuation of X.

8.4
Homoclinic classes, homoclinic relations, and heterodimensional cycles

We adapt the definition of homoclinic class of differentiable dynamics to
our context of skew product maps F'. Note that this definition does not involve
transversality.

The homoclinic class of a hyperbolic periodic point P of F', denoted by
H(P, F), is the closure of the homoclinic points of the orbit of P.

If V is an open neighborhood of the orbit of P, the relative homoclinic
class of P in V| denoted by Hy (P, F), is the closure of the homoclinic points
of the orbit of P whose orbit is contained in V.

Two periodic points P and P’ of F' of the same index are homoclinically
related if W*(P,F) N W5(P',F) # 0 and W*(P,F) N W“(P',F) # 0.
These points are homoclinically related in an open neighborhood V of the
orbits of P and P’ if there are points X € W (P, F) N W*(P', F) and
Y e W*(P, F)nW"(P', F') whose orbits are contained in V.

Remark 8.4.1. As in the case of differentiable dynamics, the homoclinic
classes of a periodic point coincides with the closures of the points (of the

same index) homoclinically related to it.

A pair of periodic points P and () of a skew-product map F with different
indices have a heterodimensional cycle if if their invariant manifolds intersect
cyclically, that is W*(P, F) N W*(Q, F) # () and W*(P, F) N W"(Q, F) # 0.

8.5
Existence of homoclinic and heteroclinic intersections

We now state some sufficient conditions for the existence of homoclinic

and heteroclinic intersections in terms of the cylinder maps generated by fj

and f1 .
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Lemma 8.5.1. Let A = ((&...&n-1)",a) and B = ((no...ne—1)",b)
be hyperbolic periodic points of F. Suppose that there are a point ¢ €
W, fieo...ea]) and a finite sequence By . .. B, such that

f[ﬁDﬂ'r](c) - é E m/lsoc(b7 f[770~~-77k71])'
Then the point
C= (o &m1)" - Bo-Br(mo--me-1)",c) € W (B, F)NW"(A,F).

Proof. Note that C' € W"(A, F'). Consider the point

FyH(C) = (o &m—1)" Bo- = Br- (o -+ me=1)", fio-,1.(€)) =
= ((fo L) Bo B (o), 5)-
As ¢ € Wi (b, fine..n,_,) this implies that F"(C') € W5(B, F). O

As a consequences of the above lemma we get the following corollary.

Corollary 8.5.2. Consider two periodic points A = ((&...&n-1)% a) and
B = ((vy...v_1)%b) of contracting and expanding type (respectively) of F.

— If there are 0By ... 3, such that

Jigo8,(a) € mt (W .(a, fieo..e11))

then C = ((50 vl )N B B (G )Y, a) is a homoclinic point
of A.

~ If there are a_, ... and b € int(W'lZC(b, f[,,om,,efl])) with

f[oa_r...oz_l](b) =b.

Then D = ((1/0 v WNa,ray (v )Y, b) is a homoclinic
point of B.
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Appendix B: Transitivity of porcupine-like horseshoes

In this section we review some ingredients in [4, 7] of the proof of the

transitivity of the porcupine-like horseshoes.

9.1
Transitivity of central expanding porcupine-like horsehoes

We first outline the proof the transitivity of A, ¢t € (0, 1] for families
(F})te(o,) such that the maps fy and fy, satisfy conditions (P0.i), (P0.ii), and
(P1).

We start with the following lemma that is proved in |7, Lemma 3.1]:

Lemma 9.1.1 (Expanding itineraries). Under conditions (P0.i), (P0.ii) and
(P1), for everyt € (0, 1] there is v € (0, 1), that can be chosen arbitrarily close
to 0, such that for every interval J C [fy (), (7)] there is a finite word of the
form £(J) = 0m™10™0 ... 0™10™ such that the map

fewns = oo fipo fit oo fio fi, 0 foo

satisfies the following properties:
1. fle(ne 18 uniformly expanding in J and

2. the interior of fie(r.(J) contains [f3(v), fo (7))

Sketch of the proof. To simplify the presentation, let us assume that fj is linear
close to 0 and affine close to 1.

We first note that there is a sequence 7, € (0,1), v, — 0, such that for
sufficiently large n it holds

S om) s md) = 38 s n]) = [ =ty fo(1 =t 1y)] =
=1ty 1=t

We claim that

oY) = 20—

_61——6_17 fOI'aHZCEJ.
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To see why this is so, just note that there is a y € fo([37 'V, Vn]) such that

o R ) A=)
UV = S i)l 5 1-F1

From the concavity of fy and = <y for all z € J it follows that

ny A1 =)
) @) 2 (VW) = 54— 5=

Take n(J) = n + 1 and note that since J C [fy 2(7n), 7] n(J) =n + 1 it
follows that

for every x € J. (9.1.1)

F O C U=t f200 =t )] = [1 =ty T — £702,,).

By definition of f;; we have so that

fl,t o f(gm(‘]) - [(1 - Az)’Ym’Yn]-

Finally, let m(J) > 0 be the smallest natural number such that

(D 0 fre o f8NI) N (fa () vl # 0.

and X411 =)
n(J)\s B
(e 2 0,

By definition of f;; we have so that

for all x € J.

Frao f5°(J) € [(1 = A, 7.
Let m(J) be the smallest natural number such that
(57 0 freo SN 0 U5 ) ] 70,

By equation (9.1.1), n(J) = n+ 1, m(J) > 0, and the choice of A\ and ( in
condition (P0.ii) it follows

m (N A2 1— A
(5" 0 fuoe i) (@) 2 G55

We now take Jo = J, ng = n(J) and mo = m(J) and and let

=k>1, foreveryzeJ. (9.1.2)

(fi o freo f3°)(Jo) = Ji.

Note that by construction the interval J; intersects (f; ' (7, ), vn]. If Ji contains

(5 2(n), fo ()] we are done (just take ¢ = 0). Otherwise J; is contained in
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[£52(7n), (72)] and we can apply the previous construction to J; obtaining m;

and n, such that

B (fi o fro S8, J0 (o ()l 0, 1l = k|4 > £ |,

Arguing inductively, we get a sequence of intervals J; and of numbers

n;, m; such that

Jin & (o frofd)( i)y JiiN(fo ' () s ) # 0, o] > K| > &7 Jol.

This implies that there is a first ¢ such that J,,; contains [f5 (7)), fo - (7n)]]-
Now it is enough to take &(J) = 07010™°...0™10™ and note that Jy; =
fieee(J). The fact that fi(sy is uniformly expanding on J follows from
(9.1.1). O

As a consequence of Lemma 9.1.1 we get the following:

Corollary 9.1.2. Consider t € (0,1]. Then there is arbitrarily small vy such
that the map fierye defined on the fundamental domain I = [f52(7), fo ' ()]
has a unique fixed point ¢ € I that is repelling and such that the interior of
W™ (qt, flen,e) contains I.

Let & = £(I) and & = &7 = £;.&F. Consider the periodic point of F}

Q. = (gant> € Ay

Proposition 9.1.3. For every t € (0,1) we have Ay = Hy,xj0,1)(Qx, F3).

Sketch of the proof. Given any X = (£7.£7,x) € A; we need to show that
X € Hy,yu(01)(Qs, F?).

Remark 9.1.4. Note that the fundamental domain I = [f;2(v), f5 ' (7)] can
be choose arbitrarily close to 0, and so we can consider that f; 1(x) is at right

of I for every x at left of I.

We consider the case where x € (0,1) and £~ contains infinitely many
1’s, the general case can be treated as in |7, Section 5, Proposition 5.3].

Counsider the set
Ay, ={(n~.&" x),where n_; =& fori =1,...,n}.

Note that the diameter of A? goes to 0 as n goes to oo. Thus to prove the
proposition it is enough to see that there is Y, € A, N Hy,x(0,1)(@Q«, F}) for

every n sufficiently large.
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By Corollary 9.1.2, there is € > 0 such that the e-neigborhood I, of I,
I = [fi2(7) — € fy *(7) + €], satisfies

W™(Q., F) D (&) x L.

Since the interior of I, contains a fundamental domain of f this implies

that there is exist m such that

Claim 9.1.5. There is m > 0 such that

FPr () x L) N ((€on o €0€7) X fi! o y4(2) # 0.

Proof. To prove this claim it is enough to find a word 7. ..7,,—1 such that

f[g}n...£,1}7t(x) E f[n()---nmfl]vt(lﬁ)

By Remark 9.1.4 we can suppose that f[g_ln...g_l] .(z) is at right of 1. As the
interior of I, contains a fundamental domains, its enough to take ng...7n,_1 =

0™ for same m. O

Take now any point Y,, in the intersection of the sets in the claim. Note

that F*(Y,) € A?. The following lemma implies proposition.
Lemma 9.1.6. Y, € Hy,(0,1)(Q«, F}).

Proof. Write Y,, = ((v‘.f_n €€, y) and for every large r and small § > 0
let

AFE (vl €& &) X [y — 6,y + 0] C WQ., F))
Claim 9.1.7. The set A} contains a homoclinic point of the orbit of Q..

Proof. Observe that

FPr () = (08 Erbo &) X fiencroe e[y — 6y + ).

For large i we have that fie ¢ ¢ e.01:([y—0,y+0]) is close to 1. As f,(1) =0
we have that fie | ¢ ¢ ¢0m:([y — 0,y + d]) is close to 0 and to the left of
[f52(7),~] (for that it is enough to take i large enough). Thus, after shrinking
0 if necessary, we get 7 > 0 such that

T = fientrtononona(ly — 6,5 +8]) C [f2(7),7]-

If £(J) =& ... & is the expanding itinerary of J (see Lemma 9.1.1). one has
that

f[g,n...5,150...groimjgg...g,{],t([?J —6,y+4])D [fo_Q(’V)a f()_l(V)]~
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Consider the subset A" C Aj defined by
AE (vl €& 60098 . EL) x [y — 6,y + 6] C AL
Let { =m+7r+i+j+k+3. Then

FHANY D (v €y £a&o . 01078 .. &) < [£72(0), fo ()] = A

Since that ¢ € [f;%(7), f5 '(7)] we have that A” transversely intersects
W4 (Qs, F;) and so, A” contain a homoclinic point of Q.. Now taking A =
E7Y(A”), by the injectivity of F, we have A C A’ C A} This completes the
proof of the claim. O

As 0 can be taken arbitrarily small and r arbitrarily large and a homo-
clinic class is a closed set, we have that Y,, is accumulated by homoclinic points

of @, and thus it is in the class. This proves Lemma 9.1.6. O

The proposition follows by noting that Y, converges to X and that a

homoclinic class is closed and invariant. O

Remark 9.1.8. Note that this Lemma 9.1.1 and Corollary 9.1.2 remains true
if we take ¢t = 1, this fact implies that the proof of Theorem 1.2.4 work if we
take ¢ = 1, and then f,;(x) = 1 — x. This ensures that for £ = 1 we have a

completely spiny porcupine.

9.2
Transitivity of central contracting porcupine-like horseshoes

In this subsection we verify the transitivity of the set A; for the family
(F})tejto,1) in Section 7. Condition (C) is enough to ensure the existence of a
blender (see [1] section 6.2) that is the main ingredient for obtaining transitivity
of sets in many examples. This condition says that one can cover the interval
(0,1] applying the contractive parts of the maps fi; and fo. The proof is
different for ¢ € (tp,1) and t = 1. We also observe that a minor variation of

our arguments implies the transitivity of Aj.

9.2.1
Transitivity of A, for t € (ty,1)
Next lemma plays a role similar to the one Lemma 9.1.1 (in this case we
get some uniform expansion and a covering property for backward iterates).
Fix a parameter ¢y < 1 such that fy is a contraction in [tg, 1]. We have

the following result from [7].
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Lemma 9.2.1. Assume that the maps fo and f1, satisfy conditions (P0.i) and
(P.1) and t > ty. Then for every non-degenerate closed interval J C [0,1] there

is a word of the form

(5—1 s g—n s g—n—k—Q) - (g—l s g—n 12 Ok)

such that
(Oa 1] C U 91_210k,t (95_,11..Ag,n,t(t]))-

k>0

Proof. Observe that fi'(t) = 1. This implies that fi ([t —¢,t]) = [L —¢2¢, 1].
Therefore
(0.1 = U £o* o £ (It = e 1]).

k>0
Therefore, to prove the lemma given an interval J it is enough to find a word
E4...6,,n>0,and € > 0. such that

gf_—11-.-§7n,t(<]> - [t -6 t]' (921)

Using condition (C) we fix small € > 0 such that
filft—e) <to<t—e<t.

Then there is & > 1 with such that

1<a<min{t™, fi(fy 't —e)} =min{t™", (f; 1) (2), fr € [t — &, 1]}

(9.2.2)
If [t —¢,t] C J then (9.2.1) holds automatically and there is nothing to

prove.
Thus we can suppose that [t — €, ] is not contained in J. There are two

cases:
—if J C [t —¢,1] we take &4 =0,
—if J C [0,] we take {3 = 1.

Let J = Jy and J; = ggﬁlht(Jo). Note that |J;| > a|Jy).
If J; contains [t—e, t] we are done. We argue inductively defining intervals
J(), Jl, ey Jz and numbers 5_1, 5_2, e 75—1’—1 where
— &1 =0if Jy C [t —e1],
— & k1 =1if J, C[0,¢],

= Jpp1 = gg_lk_1,t(Jk) = 9{,11...§—k—1,t(J0)-
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Note that by construction,
[ Jia| > | Jx| > ).

This fact immediately implies that there is a first ¢ such that J;, contains
[t — €,t]. This completes the proof of the lemma. ]

We have the following corollary (that plays a role similar to the one of
Corollary 9.1.2).

Corollary 9.2.2. Consider t € (ty,1). Then there are small ¢ > 0 and a
sequence £ _1...&_, such that gg}l_._&mt has an expanding point p; € (t — €,t)
such that [t — €, t] C W“(pt,g:lmg_mt).

Let p = (£.1...& )% and consider the periodic point of F}
P* = (ﬁupt> € At'

This point is contracting in the central direction.
Lemma 9.2.1 and Corollary 9.2.2 implies that there are p > 0 and a

sequence of negative tails of sequences §, such that

WP F) S 6 ) % g5t (11— p.1).

k>0
This implies the following:

Remark 9.2.3. W#(P,, F}) intersects any set of the form (.£1) x {z}, = €
(0,1].

As in Section 9.2 this is the main step to prove that A, is the relative
homoclinic class of P,. The argument goes as follows, take (£, z) € A; and for
simplicity let us assume that x € (0,1) (the case = 0,1 follows similarly).
Write £ = £.£1 and note that given the “unstable” disk (£_,, ... & 1.£7) x {x}

we have that

Ft_m((f,m L€ ET) X {a:}) = (.. EET) X 92,1,”...5,1,&3?)-

As g o (x) € (0,1), Remark 9.2.3 implies that this set intersects

Ws(P,, F)).


DBD
PUC-Rio - Certificação Digital Nº 1121540/CA


PUC-RIo - Certificacdo Digital N° 1121540/CA

Chapter 9. Appendix B: 'Transitivity of porcupine-like horseshoes 70

9.2.2
Transitivity of A\

We begin with an observation about the topological structure of the set
A; This set has disjoint two parts. The subset Aio’l} consisting of the points
of A; with central coordinates 0 and 1 corresponds to a two intermingled
horseshoes of different indices. Using the notation in [7] this part of A; is its
exposed part. The subset Aﬁo’” of Ay consisting of the points with central
coordinate in (0, 1). These points are dense in A;. This is the reason why it is
enough to see that Ago’l) is contained in a relative homoclinic class. We now
go to the details of the constructions.

As in the previous cases, to prove the transitivity of A; we need to produce
some expanding itineraries for the inverse maps of the systems satisfying some
appropriate covering property (note that the proof of the previous section does
not work for ¢ = 1, recall equation (9.2.2) and remark that in this case a < 1).

There are two cases. Recall that ¢, is defined by f{(¢y) = 1.

Let us assume first that ty < 1/2. Consider ¢ € (g, 1/2) close to ty (recall
that to is defined by f{(to) = 1) and note that by hypothesis fi}(c) > c.
Consider small € and the interval [c, ¢ + €.

Given an interval I C (0, 1) that does not contain [c, ¢ + €] we let
- 5_1 = 5_1([) =01if I C [C, 1“,
— &1 =¢&4(I) =1 if otherwise (in this case, I C [0, ¢+ €]).
In the first case, |g:17t(l)] > k|I]. In the second case gg}ht(f)\ = |I] and
9%, (1) € [e,1].
We now argue inductively, let [c,c + €] = Jy and let J; = gg_ll( 70 (Jo)-
Inductively, Jy 1 = gg}l ( J£)<Jg>. By construction, there are no two consecutive

applications of f; ., therefore
| Jes1] > Kt |Jo.

As in Lemma 9.2.1 there is a first £ such that .J, contains [c, ¢ + €].

Let £1...6 1 =E1(J)...&-1(Jr). The previous construction implies
that the g;.' . | has a expanding fixed point p in in [¢,¢c + ¢ such
that [c,c + ¢ C W*(p, gg}lmf—é—l,l)' Then arguing as in the previous cases
we have that A; is the relative homoclinic class of the contracting saddle
P, = ((5_1 . .5_4_1),])). This proves the transitivity of A;. This concludes
the proof of the case ty < 1/2.

If ty > 1/2 we argue as before but considering forward iterates fo and f ;.
In this case, we get a periodic point that is expanding in the central direction

whose relative homoclinic class is A;.
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Appendix C: A differentiable model

We worked always with a one parameter family of skew-product defined
in Yy x R, in this section we realize a equivalent differentiable model in R? x R.
We start with the definition of porcupine in a more general case, but

before we present two definitions.

Definition 10.0.4 (Dominated splitting). Given a diffeomorphism F €
Dif fY(M) and a f-invariant set A, a DF-invariant splitting with two bun-
dles E @ F of TM over A is dominated is there are constants m > 0 and k£ < 1
such that

IDFE@) - [IDFR@)ll <k for every € A,

Where ||.|| is norm in M. An DF-invariant splitting with three bundles
E & F & G is dominated if (E® F) @& G and E & (F & G) are dominated.

Definition 10.0.5 (Partial hyperbolicity). An F-invariant compact set A is
said to be partially hyperbolic if there is a dF'-dominated splitting £*® E¢® E"
where dFjgs is uniformly contracting, dFjg. is uniformly expanding, and E° is
non-trivial and non-hyperbolic. We say that E° is the central bundle. The set
A is called strongly partially hyperbolic if the three bundles E®, E¢ and E* are

non-trivial. ([1])

Definition 10.0.6 (Porcupine). A compact F-invariant set A of a (local)

diffeomorphism F' is a porcupine if

— A is a maximal invariant set in a compact set C, transitive (existence
of a dense orbit), and strongly partially hyperbolic with one-dimensional

central bundle,

— there is a subshift of finite type ¢ : ¥ — X an a semiconjugation
II: A — X such that c o IT = [T o F, IT7}(£) contain a non-degenerated
interval for uncountable many £ € 3 and a single point for uncountable

manyé € Y.

Consider the cube C = [0,1]* and a diffeomorphism ® defined in R? for

which the maximal invariant set in a neighborhood of C = [0,1]? is the two
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length horseshoes I', that is conjugated with the full shift ¢ of two symbols.
Denote by 7 : I' — > the conjugation map, m o & = ¢ o 7. we consider the
subcubes Cy and C; of C such that ®(C;) ¢ C and C; contain all the points
X € I whose 0-coordinate (7w(X)) is 1.

Let C = C x 0,1], and the real maps fy, f1+. Given a point X € C, we
write X = (&,z), where & € C and z € [0,1]. For each t € [0,1] we consider
the map

F:Cx[0,1] - R*xR

given by

(‘I)(f)afo(ﬁ))a if X € CA(O X [07 1]7
Fi(z,z) =
(®(2), frs(z)), if X € Cy x[0,1].

We have that ﬁt has a associated porcupine.

We can extend ﬁ’t for all R? x R and so we have a one parameter family
of local diffeomorphism (F\t)te[o,l}a F,: R2 xR — R? x R such that the maximal
invariant set /A\t in C is a porcupine.

Using the conjugation 7: I' — ¥, we have a equivalence between such a

local diffeomorphism }?} and a skew-product F; = ﬁt oT: Y9 X R — 39 x R.
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