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Appendix A: Proofs of Lemmas and Propositions

The appendix provides proofs for all lemmas and propositions presented
in the paper. Additionally, there is one additional lemma (Lemma A) that is

useful in the proofs.

Lemma A. (pr(z2)fun(@]2) " ([T pr(2:8) fin(€]2)E) is non-

increasing in z and

(pr(2, ) frp (z]2) ™ (fpr(z,f)fkR(ﬂz)df) is non-decreasing in z.

Prova.

From the affiliation inequality, it is possible to see that, for any a < z

and 2’ < z: Jep(alz)  fr (al2)

Jrg(@|z) ™ iy (2]2)
Using A4, it is easy to verify that:

pr(z @) fi,(al2) _ pr(Z, @) fi,(al2)
pF(Z>x)f/€f('T|Z) N pF(Z/>x)f/€f(x|Z/)

Integrating o over x and x delivers the desired result. The other result has a

similar proof. []

Lemma 1. Under assumptions A1, A2 and A4,bidding B2(x) = v(z, x)
for all bidders is a Bayes-Nash equilibrium in a uniform buy-or-sell auction
with s = 0.

Prova. This proof has two main steps. In the first, we argue that the synthetic
type is increasing given the assumptions made. In the second step, we prove
that is indeed a Bayes-Nash equilibrium strategy to bid the synthetic value on
a uniform price auction.

To reach the conclusion that v(x,y) is non decreasing in both arguments,
note that the affiliated hypothesis guarantees that vp(z,y) and vg(z,y) are
increasing in both arguments. Moreover, vp(z,y) < vg(z,y) also due to the
affiliation hypothesis. Combining this facts with A4, it is clear that v(x,y) is
increasing in both arguments.

Under A1 and A2, the equilibrium strategy of a uniform price auction
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when other players bid v(y, y) satisfies:

By (b)
Br() = argmaz / pr(@, €) [or (@, €) — v(C, O] fip (Cl2)ACH

b

By (b)
/ pa(e,¢) [0, ) — 0(C,O)] fen(Cl2)dC

B3 (b)
— argmaz / A, 0) (e, ) — v(¢, )] dC

b

Given that v(z,y) is non decreasing in both arguments, it is optimal for every
bidder (given that all others also follow this strategy) to bid fa(z) = v(x,x).
U]

Lemma 2. Existence of the Worst Type: Under the assumptions
A1l and A2, exists x* that satisfies the equation above and x* corresponds to

the worst type of the buy-or-sell auction.

Prova.Define the function A*(x) = A(x, z), where:

Alz,a) = / i (,6) fon (Ela)de — / " p(,€) fun (€l e

To begin with, we must prove that A*(x) is differentiable. Under A2, note that
pr and pgr are continuous, given that they are, respectively, the conditional
expected value of the continuous functions Pp and Pg. This property comes
from the Dominated Convergence Theorem. To see that, consider the case of pp
for instance. As the continuous function Pg(s)fs.(s|z,y) is clearly dominated

by the integrable function fs.(s|x,y), it is possible to guarantee that, for any
sequence {(zn,yn)} — (z,y):

lim  pr(eege) =  lim /PF<s>st<s|xn,yn>ds
SF

(mnvyn)%(mvy) (mn,yn)%(m,y)

_ / lim  Pp(s)fsp(8|2n, yn)ds
S

Ia ($n7yn)—>($7y)
- / Pr(s) s (sl y)ds
Sp

= pr(z,y)

Where the first equality comes from the Dominated Convergence The-
orem and the second from the fact that the function f is continuous. Therefore,

pr and pg are continuous. The proof that A* is differentiable is based on the
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fact that pp,pr, fr, and fi, are continuous functions. Hence, A* is the sum
of integrals of continuous functions. Each integral is differentiable (due to the
Fundamental Theorem of Calculus). This proves that A* is differentiable. Given
that A*(x) is differentiable, Va € [z, 7] we have that:

x| " pr(®,€) fun (E[T)dE > 0

and z
X(2) = = [ pnl@.O)fual€le)d <0
x
By the Intermediate Value Theorem, it is possible to exhibit a point x* such
that A*(z*) = 0. The above inequalities also show that z* is an intermediate
type (is not one of the extremes, at least). To prove that this equation is what

defines the worst type, simply apply A1l to the expected profit equation. [

Lemma 3. Uniqueness of the Worst Type: Under the assumptions
A1, A2 and AS5, there exists only one x* that solves: A(xz*,x*) = 0, where:

Az,a) = / " (2,€) fo (€])dE = / " i(,6) fin (€l e

In particular, in an IPV model with constant probabilities pr = pr and

kr =n—kr =1, ¥ is the median of the distribution.

Prova.As Lemma 2 proves the existence of x*, the problem now lies in proving
that this point is unique. Note that:

% = pF(‘T*,x*)ko(a?*h?*) +pR(ﬂf*,ﬂf*)fkR(.T*|l’*)—|—

|2 ey — [ P g (el

x

*

[ e 92l g [ o, 2alE) g

The above equation and A2 yield:

/ O (efaryas - / %) (efayi > 0

z

Additionally, we have to assess the values of the other terms of the
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equation. Note that:

pr(", @) fip (€*]2%) + pr(2™, &%) fip (27 |2%)+

*

[ prag et / o280 e

[ Ofkp (€l=*)
/m _<;0F(~T*>€)m> +pF(CE*>CE*)ko($*|$*) ip (Elz7)dE~

on(€]z*)

[ kg €lz*)
/ <;0R(~T*>€)87m> — PR(Z", 27) frg (27|27) | frp (El27)dE >0

Where the last inequality is due to A5. Therefore, in any point where
the function A* crosses the x-axis, it is increasing. This allows to conclude that
exists only one point where A*(z*) = 0. Finally, in an [PV model with constant
probabilities pr = pr and kr = n—kg = 1, 2*, the A*(z*) = 0 condition reads

as:

(1= F@))" " = [F)]" = F(z*) =1/2
In this specific model, z* is the median of the distribution. []

Proposition 1. Under assumptions A1-A6 and Lemmas 2 and 3, the
symmetric and strictly increasing and Bayes-Nash equilibrium is characterized
by :

(ii) x; = x*:

where

t(¢) = v(¢, ¢)

s =

Prova.Consider the profit function on the auction:

ILi(bs, 2:) = E [Pp(Sp)(Vi — (b — $)) 1, 5| Xs = 23] +
E [Pr(Sr)(bi + 5 — Vi) Lp,<p| Xi = 2]
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Applying the Law of Iterated Expectation yields:

E [E (Pr(Sr)(bi + s — vi) Ly, <b| Xi, Yip) [ X = 4]

Using the definitions made on section 2, the last equation may be written as:

B~ 1(b;)
T, (b, 1) = / D (i €) [0p (1, €) — by + 8] fip (€las)dE+

x

/; pr(xi, &) [bi + 8 — va(Ts, €)] fap (E|2:)dE

~1(b)
The necessary condition for optimality for bidder ¢ is:
Hi) (B(xi),zi) =0

Using the Leibniz rule and analyzing the FOC in [(z;), we arrive at the
following first order ODE:

B (i) My, 2:) = Nai, x3) [v(wi, v5) — B(w;)]

From Lemma 3, we know that exists (a unique) a* in which: A(z* 2*) = 0.

For this specific value, the above equation provides:

A o) = 0] = 32 | [ o)
([ womtteangeyo] ) e
= f'(x:)

From the aforementioned, the strategy proposed satisfies the necessary con-
dition for optimality Vz;. Additionally, we need to show that the proposed
strategy satisfies a sufficient condition: it is the optimal strategy globally, not
only on the neighborhood of the point (as the FOC guarantees). We want to
show that no deviation is profitable for a bidder with private sign z. It is suffi-
cient to show that the function is quasi-concave. From the Intermediate Value
Theorem, it is clear that is sufficient to consider bids in the range of 3. Hence,

we want to show that the following condition holds:

I (B(x), 2) (2 — ) > 0
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Define the functions A and B as:

Alz,z) =vr(z,2) + s — B(x) — B'(2)—=

B(z,z) = vr(z,x) — s = B(x) + f'(z)

Rewriting the FOC:

1 (5(0),2) = 25 JoGe,) = ) = 00 5o
pele i) el fglel)
_ O Az, ) + 5(2) B(z, z)

We know that I1%(8(z), z) = 0. In order to prove the quasi-concavity condition
holds, our focus is to prove that I1%(3(z), z) is nonnegative for x < z and non-

positive for x > z. Note that s <3 guarantees that:
A(e”, x) < B(a", x)
As this condition is valid for z = z* is valid for any =z, since:

x* = argmin |vr(x,x) —vp(z, ) + /m Lp(|x)dtr(C) + /m LR(C|x)dtR(C)]

Additionally, A(z,z) and B(z, x) are increasing in 2z (from Lemma A). Finally,
we must address the question of the relative weights between the terms. In

first place, note that at:
M (B(2), 2)(= — 2) = 0 T¥(B(), 2) [\, )] (2 — @) 2 0

This equivalence guarantees that we can analyze how terms change relatively

to A(z,z). Note that A4 guarantees that W

Therefore, it is possible to write the expected profit as the product of a function
U(z,z) >0and z — a:

is non-decreasing.

I (B(a), 2) = U(x, 2)(= — &) = 4(B(x), 2)(z — 2) = V(a,2)(z — 2) > 0

This condition guarantees that we indeed derived an global optimum and that

the strategy presented in Proposition 1 is indeed an equilibrium. []

Lemma 4. Under assumptions A1 and AZ2In the buy-or-sell auction,

the symmetric equilibria when one of the probability functions is zero is given

by:
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(i) pr(z,y) = 0,Va,y € [z < T|: Br(z,s) = s+ [ ve(§,&)dLr(E|v),
where:

Lotele) = exp |- [ —2r(& O (CIO) d]
& p[ / (o) o (WICAD"

(ii) pr(z,y) = 0,Va,y € [z < T Brlz,s) = [ vr(&,dLr({|z) — s,

where:

Lr(&|z) = ex ’ 7pR(C’C)fkR(C|C) d]
(€|) g [/5 fcmpR(Cﬂ/f)fkR(f/fK)d?/f ‘

Prova.We will provide the proof for the forward auction, since the reverse
auction is similar. In first place, we will derive the FOC and arrive at a
necessary condition for the optimal bidding strategy. After that, we will argue
that this condition is sufficient and that the FOC provides a global maximum.

Consider the profit function on the auction:
I;(bi, 2:) = B [Pe(Sp) (Vi = (b — 5)) 1,551 X; = ;]
Applying the Law of Iterated Expectation yields:
(b, z;) = E []E (PF(SF)(vi — (b — )1, -5 X YkF) | X; = a:l}

Using the definitions made on section 2, the last equation may be written as:

Br1(bs)
(b, 2,) = / P (,€) [0 (1, €) — by + 5] fye (Eli)E

x

The necessary condition for optimality for bidder ¢ is:
Hi) (Br(xi), ;) = 0

Using the Leibniz rule and analyzing the FOC in [Sp(x;), we arrive at the
following first order ODE:

B (x;) [/m Pr(76,8) frp (§|~Ti)§] = pr(Ti, ¥3) fap (@il 2) [VF (20, 75) + 5 — Br(s)]

which is satisfied at our equilibrium strategy. Additionally, the boundary
condition on this model is that: fp(z) = vp(z, £)+s. This condition comes from
the zero-expected profit of the worst type on a forward auction. Additionally,
we need to show that the proposed strategy satisfies a sufficient condition: it
is the optimal strategy globally, not only on the neighborhood of the point (as
the FOC guarantees). We want to show that no deviation is profitable for a
bidder with private sign z. It is sufficient to show that the function is quasi-

concave. From the Intermediate Value Theorem, it is clear that is sufficient
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to consider bids in the range of 8. Hence, we want to show that the following
condition holds:
17 (Br (), 2)(z = 2) 2 0
We know that I1%(8x(2), z) = 0. In order to prove the quasi-concavity
condition holds, our focus is to prove that II%(8p(z),z) is nonnegative for

x < z and non-positive for x > z. Rewriting the FOC:

g, o) — PEC ) (]2)

vp(z,x) + s — Bp(x)—

Iy pr(2,€) fir (€]2)d€
pr(2, %) fip (2]2)

Br(x)

Which, given Lemma A and the monotonicity of Sr and vg, is clearly

nonnegative when z > x and non-positive for x > z. [

Lemma 5A. Envelopment of Optimal Bidding Strategies Under

the Proposition 1 and Lemma 4, s <'s implies that:

Br(z) —s < B(z) — s < B(x) +s < Br(z) + s

Prova. There are two different ways to prove this lemma. The first way is a
direct way: given the equations for the equilibrium strategies, we prove that
the inequalities in the lemma statement are valid. However, this proof is only
valid for small values of s. To approach the problem when s is higher, we
introduce also a second proof. The reason we do not focus entirely on the
second proof is that the first proof has some clarifying concepts and illustrates
well the relationship of the variables on the model.

First, consider , without loss of generality, that X = [0,1]. This demon-
stration will have two steps: the first one, we show that the proposed inequality
for x = 0,1. The second step consists in exploring the crossing conditions of
this continuous functions. For z = 1:

1

&mzwﬂﬂﬂﬂ—lLﬂmwwm<MLU—/LKMMO

*

< 'UR(l, 1) —S

The second inequality is trivial. The first, however, needs some detail. In first
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place, notice that: V¢ > x*, Lr(C|1) > L(¢|1) given that:

v 71 . pF(¢>¢)ko(¢|¢) A(¢>¢)
veled J2 pr(en ) fr () do S AW, Y)

B ! )\(1/1,1/1) e o ! pF(¢>¢)ko(¢|¢)
= exp /<A<¢,«/z>‘“/’>< p( / f;"pF(a>«/1)ko(a|«/1)dad¢>

= Lr(¢|1) > L(¢]1)

However, this is not enough to guarantee the inequality, since we have both
t(¢) and tp(¢) at the integral, which are different. Define the function:

Jun(2|7)

Az, x)

7(x) = pr(x,x) [vr(z,x) — vp(x,x) — 29]

Therefore:

Br(1) = vp(L,1) + 5 — / Lr(¢|1)dtr(C)

1) - / Li(¢|1)dt(C)

<ot 1) = [ LEDAHQ) = (1) < val(1.1) = 5 = Gr(D)

Analogously to the last reasoning, it is possible to demonstrate that: Sz(0) <
B(0) < Br(0). The second step consists of demonstrating a condition that must
be valid when the functions cross each other. Assume that 3z : G(z) = Br(x).

In this case, combining the FOC’s of the two problems:

Az, 2)B'(z) + Mz, z) (B(z) — v(z, ) =
= Bp(z) [ pr(x, ) f(lx)dE| + (B(x) — vr(z,2) — 5) pr(2, ©) frp (2]2)

T~
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Hence, the above equation yields:

pi(e, ) [or(z,2) — s — B(z)] fun(alz) + [ / mpR(ar,f)fkR)(ﬂx)df] 8(z) =
= (F0 - s@) | [ et oo
Note that:

vr(xz,z) — s — B(x) = vg(z,x) — s — Br(x)
> vp(z,z) + s — Pr(x)

>0

This allows us to conclude that f(z) = fr(z) = f'(x) > fr(x). It is also
possible to show that 5(x) = Br(z) = f'(x) > Bi(z). Considering that all bid
functions are continuous, we have proved our proposition.

Second, on the proof of Proposition 1, we argued that Vs <'s:
A(z,x) < B(z,)

where A and B were defined in the proof of Proposition 1. In an equilibrium

strategy, it must be true that:
A(z,2) <0< B(z,2)

since the FOC must be satisfied. This guarantees that the inequalities of the

lemma statement are valid.

Lemma 5B. Envelopment of Optimal Bidding Strategies Under

the Proposition 1 and Lemma 4, s <'S implies that:

Bri(x) —s < B(x) —s < B(x) +s < Pri(z)+s

Prova.Define the optimal bidding strategy of an auction where bidders are
certain of what operation will be conducted as Sr; for the forward and Sr;

for the reverse. This yields:

Br1 < Br < Br < Bra

The equality in the middle is due to Lemma 5A. We now detail the others.
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This proof follows a similar logic to the direct proof of Lemma 5A:

iaa) = vra) = [ ean| - E %dc] 0t (€)
= vp(z,x) —/m exp / fC j::F ihi dz/;dC] dtp(§)

’ ’ frr (CIC)
— d¢ | dtp(€)
/m e [y 2D fi () du ] )

- L pe(C O fin (CO)
= vrl(:) /m”p / S pr(C ) ¢|<>dwd<] rd)

The reverse case is similar. [

Lemma 6. Expected Profits: If s = 0, then II'PV(z*, B(2*)) = 0 >
A5 (2%, B(x))

Prova.n first place, we will approach the IPV model and show that
[PV (x*, B(x*)) = 0. When valuations are independent and s = 0, the ex-
pected profit might be written as:

*

I (8(a), 1) = / " pe(a) [2° — B fun(E)dE

[ pnlae) 3 7] )i
= 36— ([ et ent€re [ peta)funterie)

=0

where the last equality comes from the definition of z*. In second place, we will
consider the expected profit of a strictly affiliated model (that is, we assume
that the functions v, are strictly increasing in all arguments Vk = 1,...,n).

This excludes the independent case, for example. evaluated at x*. The expected
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profit is given by:

IL(B(2"), 2%) = /m pr(a”, &) [or(e”, §) —v(z”, 2")] fy,, (Ela")dE+
pr(",€) [o(a™, &%) — vr(a2™, §)] fu,, (€]27)dE

(2%, Qur (", §) fuy, (Ela”)dE

3

- / PR(, E)un(a*,€) fye, (€l

The equalities all come from the mathematical condition that the worst type

must satisfy. The inequality comes from the fact that ( > ¢ = vp(2*,§) <
vr(z*, (). O

Proposition 2. The Spread Effect on Profits: In the affiliated model
with s = 0, even if bidders of specific private signals do not participate, there
15 no symmetric Bayes-Nash pure strateqy equilibrium where all types have

positive expected profit.

Prova. The idea of this proof is to show that there will always exist at least one
private signal that satisfies a condition close to the one presented in Lemma 3.
However, this proof focuses only on the existence (and not the uniqueness)
of this point. Define ®5(x) (Py(x)) as the set of private signals that do
participate in the auction and are lower (higher) than =z, f as the density

functions conditional on participation and A(a:, a) as:

Az,a) = / e i €as— [ pale € fualcloi

O (a)

Using a similar approach to the presented on Lemma 3, it is possible to
show that the function A*(z) = A(z,z) is continuous and, again, just as in

Lemma 3:

f@ = [ | e O (e > 0

And ) .
A = - /@ e O (e <0

Therefore, 3 # such that A*(Z) = 0. Just as in the case with full
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participation, this condition yield a negative expected profit to a bidder with

the private signal 2. [

Lemma 7. The equilibrium of Proposition 1 is feasible if we consider an

ex-ante participation condition, that is:

S1 S S
Additionally, if pp(z*, ) fi,(x*|2*) = prp(2*, 2*) fi, (x*|2*), then a in-

terim participation condition is feasible, that is::

51 <8, <38

Prova.In first place, we prove that s; < 5. Define the function IT*(x,s) =

II(B(x), z) when the spread on the buy-or-sell auction is s. Then, trivially:

T (z*,3) > 0 > I*(2*, 1)

This comes from the fact that is always possible for all agents to have
a non-negative expected profit if spread is s, given that they could bid their
private valuations and have an expected profit of zero. Additionally, as the
worst type, £* obviously has a negative profit under si, since this is the value
of the spread that makes the expected value (on private signals) of the expected
profit zero.

As IT*(x, s) is increasing in s, we know that:

*(z*,35) > I*(z*,s) =35> 5

In second place, we prove that o <'5.. Let s7 and s3 be the highest values

to which the following inequalities are still valid:
Br(z*, x*) — s7 < B(x*, 2*) — s7 < B(a*, 2%) + s < Br(a™, x*) + s}
By our definition of 5, we have that:

- ok *
25 = 5] + 85
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In the profit function:

x*

I(2*5) = [ pr(a”, &) [or(e", §) — B(2") + 73] fip (El27)dE+

| z\

8

pr(x",€) [B(2") +5 = vr(z”, )] fip (€]27)dE

*

*

\ﬁz\

pr(a”, &) [vr(e”, &) — B(x7) + s1] fip (El2")dE+

8

pr(",€) [B(2") + 5 — vr(2", §)] fup (€l27)dE

*

*

\ﬁz\

pr(a”, &) [vr(e”, &) — Br(z®) + s1] frp (€le")dE+

8

/* Pr(2",€) [Br(x7) + 55 — vr(2", E)] frn (§l2")dE

> 0 =II"(z", s9) > IT*(x*, s1)

The second equality is due to the property that 2s = s; + so. The
inequality is due to the fact that x* is not the worst type on the forward
and reverse auctions only. The last equality is due to the definition s. Again,

as II*(z, s) is increasing in s, we know that:

*(z*,5) > MI*(z*,s) =s5>s O

Lemma 8. Under Proposition 1, for increasing values of s, the optimal
bidding strategy considering the payments decreases for the forward (i.e., f—s

are decreasing in s) and increases in the reverse end of the auction.

Prova.We provide the proof to the fact that for increasing values of s, the
optimal bidding strategy considering the payments decreases for the forward
(i.e., B — s are decreasing in s) and increase in the reverse end of the auction.

For values of the spread s € [s, 3], we know that:

0s

2 (€le)

/m pF(€> f)ko(ﬂf) — pR(€> f)fkR(ﬂg) dL
x* )‘(575)

<1

The last inequality is due to the fact that L(|x) is a distribution and

the integral kernel is lower than one in absolute terms. [
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