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4
A differentiable fold

Our goal in this chapter is to prove theorem 1.3. To this end we obtain necessary
and sufficient conditions for F' to be a differentiable fold. Sufficient conditions
are obtained in section 4.1. Necessary conditions are obtained in section 4.2.
In section 4.3, we conclude the proof of theorem 1.3. Finally, in section 4.4, we

provide some geometric properties of the height function h, when f is convex.

Throughout this chapter we assume that f € C*(R), f'(R) = (a,b) and,
for B as in theorem 3.6, a < A\; < b < B. The hypotheses above imply that
hypothesis (2.7) is valid and that F, ®, h, are C? by corollaries 6.2 and 3.2,

respectively.

4.1

Sufficient conditions

Add the hypothesis f” > 0. Note that hypothesis (2.8) is now valid with @ = a
and b = b. By proposition C.1, to prove that F' is a differentiable fold, it suffices
to

1. Prove that F'is C?, a consequence of corollary 6.2;

2. Obtain the Lyapunov-Schmidt reduction given by ®, done in theorem

3.6, and show that ® is a C?-diffeomorphism, done in lemma 3.1;

3. Show that, for all z € Hy, the height function ¢t — h.(t) satisfy

| |1im h,(t) = —oo, which was proved in proposition 2.14;
t|——o00

4. Show that, for all z € Hy, at a critical point ¢, of h,, we have h”(t;) < 0.

This is very close to what Berger and Podolak did in [9] to obtain an exact
count of solutions for the equation —Au— f(u) = g for u € H*(Q)NH}(Q) and
g € L?(Q), except that, in their case, F' was just C'! (then, I was a topological
fold). Nevertheless, it was still possible to differentiate each height h, twice by
observing that elliptic estimates provide u(t) € L>().


DBD
PUC-Rio - Certificação Digital Nº 1221625/CA


PUC-RIo - Certificagao Digital N° 1221625/CA

Chapter 4. A differentiable fold

We prove item 4 in the list above supposing, additionally, that f”(0) > 0.
This actually proves the first part of theorem 1.6.

Lemma 4.1 If f € C*R), f” > 0, f/(0) > 0 and f'(R) = (a,b) with
a <A\ <b< B then at a critical point u,(ty) of F' we have that h’(ty) < 0.

We provide two proofs which rely on the fact that F is C2. The first one obtains
a formula for %(z, t) and the second one a formula for h’(?).

There is still a third proof which uses only the fact that u(t) € L>(Q)
and F € C'. This is the one which shows that h. is twice differentiable in the
case studied by Berger and Podolak, even though F is just C*. We do not give

this proof as it is more technical and out of context.

First proof: For simplicity, given z € Hy, take t near to and let (A (t), ¢1(t)),
(A1(t), ¢1(t)) be some principal eigenpairs of DF(u,(t)) and DF(u,(t))*,
respectively. The principal eigenpairs above have C! dependence on ¢ (use

proposition 6.5 to obtain such pairs). Note that
DF(u.(t))¢1(t) = A (£)d1(2).
Differentiating on ¢ we have

DF(uz(t))¢1 (1) = f" (u=(£)u(0)dr (t) = X (£)91(2) + A (£)¢1 (2)
= (DF (u(t)) = (1))@ (£) — f" (u= () (£) 61 () = Ay ()1 (2)

Apply the functional ¢7(¢) to obtain

(" (u- () ()1 (1), $1(1))
(1(1), 91(1))

We observe that the formula for X|(¢) above does not depend on the choice of

the eigenvectors ¢y (t) and ¢7(t).

N (t) = — (4.1)

As f(0) > 0, there exists an interval (—¢, €) C R on which f” > 0. Since
u,(t) is continuous and wu,(t)|sq = 0, there exists some measurable B,; C (2
with positive measure on which —e < u,(t) < €. Since f” > 0 and f"(u,(t)) >0
on B,; we have that f”(u,(tf)) > 0 and is positive on the set B,; where
|B.+| > 0.

For t = tg, u,(to) is critical, so that, from lemma 3.9 we have v/ (ty) > 0.
It follows that \(t9) < 0.

From corollary 3.8, as h’(ty) = 0 we have that A\ (ty) = 0. Now, corollary
3.11 implies that h(ty) = p(z,t)\|(z,t) with p(z,t) > 0, so that h?(ty) < 0.
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Second proof: Consider the function t — F(u.(t)) = z + h.(t)¢; and

differentiate it twice on ¢ to obtain, by the chain rule,

—LuZ(t) = f'(us ()l (t) — f"(u(t))ul(t)* = BL(t)¢n,

so that DF (u.(t))ul(t) — f"(us(t)ui(t)” = hL(t)ér.
Apply the functional ¢j(t) := ¢7(z,t) # 0 such that

DF(u-(1))"¢1(t) = M(z,1)¢1(t)

to obtain

R () (01, ¢1(1)) = (DF (u.(t))ul(t), 61 (1)) — (" (u=())u (1), 61 (1)
= M (2, 0)(ul(t), 81(1)) — (" (us(t))ui(t)*, 41 (1))

The formula above does not depend on the choice of the eigenvector ¢f(t).
Now, if t =ty and A\i(z,t9) = 0 we have

(f" (uz(to))u’(t0)?, 41 (to))

which is negative since u(to) > 0, ¢;(to) > 0 and f"(u.(tp)) > 0 in © and is

stricly positive in some measurable B, ;, C () with positive measure. It follows
that h!(t) < 0.

hZ(to) = — (4.2)

What if f”(0) = 07 Will F still be a differentiable fold?

Lemma 4.2 Suppose that f € C*(R), f” >0, f"(0) =0, f(R) = (a,b) with
a <X <b< B and f'(0) # A\1. Then at a critical point u,(ty) of F' we have
that h!(to) < 0.

Proof: The proof is divided in two cases, the first one is where f” is not

identically 0 in a closed interval containing 0, and the other one when it is.

(First case) Let u = u.(t) € X be a critical point. Either v = 0 or u # 0.
Suppose, by contradiction that u = 0. Then, u,(t) = w,(t) + t¢; € Hy & Vy
with w,(t) = 0 and t = 0. Use equation (3.1) to obtain

o S O (0)6;
o, 00)

By lemma 3.7, u is not a critical point.

1(0) = Ay =\ — ['(0) #0.

47
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Suppose u = u(t) # 0. Set ||u||~) = 6 > 0. Take points p,n € R such
that =6 <n < 0 < p <4 and f”(n), f'(p) > 0. As u is continuous in Q, § is
in its range and u equals 0 at 02, then there exists some point xzq € §2 such
that u(zg) = p or u(zg) = n. It follows that, the continuous function f” o w is
positive at zg € Q. Then, there exists a ball B(zg) C Q in which f”(u) > 0.

From equation (4.2),

Jo S (O)ul (0 _ Sy " (=) (1) 67 (2, 1)

Pt = ey - or, )

(Second case) By an argument similar to the one in the previous case, we

have that u = 0 cannot be a critical point.

Suppose that [«, ] is the maximal interval containing 0 such that, if
s € |a, B], then f”(s) = 0. Note that at least one of the terms a or § is finite

since f/'(R) = [a, b] with a # b.

Let 0 # u = u,(t) € X be a critical point of F. Either a < u < § or
there exists some = € € such that u(z) > 8 or u(x) < a.

If « <u < B then f(u) =0 and f'(u) = f'(0). From equation (3.1), it
follows that h.(t) = Ay — f'(0) # 0, that is, u is not a critical point.

On the other hand, suppose, without loss, that u(z) > S for some x € .
As u equals 0 at 092, by the definition of [«, 5] and the continuity of f”ou, there

exists some xy € Q such that f”(u(z)) > 0 and there exists a ball B(xy) C
in which f”(u) > 0. Again, from equation (4.2),

Jo fM ()l ()¢t - Joag) " (w=(0)ul(t) 67 (2, 1)
(1, 07) N (01, 97)

(1) =

Up until now we have the following: under usual Lipschitz and asymptotic
hypotheses on f, if f” > 0 and either f”(0) > 0 or both f”(0) = 0 and
f(0) # Ay, then F'is a differentiable fold.

One can use proposition C.1 to prove the result below, nevertheless, there

is a simple real analysis argument to that fact.

Proposition 4.3 Under the hypotheses of lemma 4.1 or lemma 4.2, for every
z € Hy, the height function h, has a single critical point.

Proof: By proposition 2.14, for every z € Hy, its height function A, has some

critical point.
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Suppose that, for z € Hy and tg < t; we have that u,(ty) and w,(t1)
are critical points of F. By lemma 3.7, h.(ty) = h’(t1) = 0 and, by lemma
4.1, h(ty) is negative. Then, there exists an interval (#o,t) € R such that, for
all s € (to,t), we have hl(s) < 0. Take sp := inf{s > ¢ : hl(s) = 0} which
is well defined, because t; € {s > t : hl(s) = 0}, and sog > t > to. Then,
R.(s) < hl(so) =0 for all s € (g, so). If follows that

. (s) = H(s0)

S — 8o

> 0,

which is a contradiction, since h,(sg) = 0 and h’(sp) < 0, by lemma 4.1.

4.2

Necessary conditions

We first prove that convexity is necessary for F' to be a differentiable fold.

Proposition 4.4 Suppose that f € C*(R), f/(R) = [a,b] witha < A\ <b < B

where B is given in theorem 3.6. Also, suppose that
lim f'(s)=a, lim f'(s)=0.

Then, if there exists some r € R such that f"(r) < 0, then there exists some
g €Y such that the equation F(u) = g for u € X has at least four solutions.

Proof: We have seen in proposition 2.16 that limy_ h(z,t) = —o0. So it
suffices to find a critical point uy = u,(ty) of F': X — Y such that h’(ty) > 0.

The idea is to use two nonlinear functionals,
MY 2R, u— ML+ f(u),R)

ViV =R, ws (" (w)di(u)?, ¢ (u))

where ¢ (u) and ¢f(u) are, respectively, the positive, normalized in X and Y*
eigenfunctions of the elliptic operator L + f’(u) and its adjoint (L + f'(u))*.

We claim that when A\j(u) = 0 and v = u,(t) € X, then ¢(u) has the
same sign as h”(t). Note that, in this case, u,(¢)/||[u.(t)||x = ¢1(z,t) (apply
lemma 3.9). From equation (4.2)

(f" (u () ()*, 93 (1))
(o1, 07(1))

[l (1) |I%
(f1,07(1))

nI(t) = — = 1p(u)
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so we claim that it suffices to find some u = u.(t) € X such that A;(u) = 0 and
¥(u) > 0. By proposition 2.14, our hypotheses imply that limy_,_o h.(t) =
—00. So, if we show that, for some ¢, € R we have h’(ty) = 0 and h”(¢y) > 0,
then there exists some sy € R such that the equation h,(t) = so has at least
four solutions thus finishing the proof. In other words, we have found a critical

point of ¢ — h.(t) which is a local minimum.

Recall that, in this context, f” changes sign, so that it is not guaranteed

that 1 has always the same sign, demanding a more careful argument.

To that end, we first note that v and \; are continuous. After that we
obtain some u € Y such that A\;(u) = 0 and ¢ (u) > 0. Finally, with a sort of
regularization argument, we obtain some uy € X near u € Y (in the Y norm)
such that A (ug) = 0 and ¥(up) > 0 to finish the proof.

Lemma 4.5 The maps
MY =R, ue ML+ f(u),Q)

¢1ZY—>X, Ul—>¢1(L+f/(U),Q)
&Y =Y uw o ((L+ (), Q)

with
¢1(u) >0, |oi(u)fx =1,

¢1(u) >0, g1 (u)]

Y*:l.

are continuous.

Proof: Take u; — up in Y. It follows that there exists a subsequence wuy, such
that f'(ug,) — f'(up) almost everywhere. As |f'(ux,)| < M, the dominated
convergence theorem implies that f’(uy,) converges to f'(up) in Y. As for all
sequence there exists some subsequence with that property, it follows that for

all up, — ug we have f'(uy) — f'(ug) in Y.

Now, use proposition 6.6 to see that the maps Ai, ¢ and ¢7 above are

continuous.
O

Lemma 4.5 above provides the continuity of A;. The continuity of ¥

depends on the continuity of ¢; and ¢ and the continuous inclusion X <

Co(£2): we omit its proof.
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For 2 C R", take a box, containing 2, parallel to the cartesian axis.
Define for x = (xy,...,2,) € Q and (s,l,7) € R?,

I, r1<s

u(s, l,r)(x) = {

ro, T1>S

Suppose that f'(r) > A;. Take a sequence l;, — —oo such that f/(lx) < \; and
is decreasing. We claim that, for each & € N, there exists s, € R such that
A (u(sk, Uk, 7)) = 0. Just observe that, as € is bounded, for very negative s,

u(s, l,r) =7, so that
Ar(u(s, bk, 7)) = M (=L = f'(r), Q) = A = f'(r) <O0.
On the other hand for very big s, u(s, Iy, r) = Iy so that
A (u(s, lg, ) = M(=L— f'(lg)) = M\ — f'(Ilx) > 0.
By the continuity of A; : Y — R, we obtain the sequence {sy}.
Set uy 1= u(sg, lg, 7). By definition, A;(u) = 0. Now we calculate 1 (ug)

) = — /{ P i) - /{ L)

By the monotonicity of the principal eigenvalue, s is increasing. Note
that the sequence s; is bounded (by max,cq |z1]), so that it has a (already

relabelled) convergent subsequence {sj} with limit s... We claim that

minr; < So < Maxxy.
e e

If not, the principal eigenvalue Aj(ur) = 0 would not converge to 0, a
contradiction. For a measurable subset A C 2 define, for x € €0, the function
X : 2 — R satisfying x(z) =1if 2z € A and x(z) =0if = ¢ A.

Observe that

Lo f'(ur) = bxqei<s) T F(F)X{@15500} = Qoo almost everywhere. As f'(uy)
is uniformly bounded, it converges in Y to bX (s <s.o} + J' () X {21 >s500}-

2. Analogously, f"(ur) = f"(7)X{z15s00} + OXfz1<sec} = (") X{a1>s0} M Y.

We note that, by proposition 6.6, the sequence of potentials f'(uy) : X — Y
converge t0 ¢ : X — Y.
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By proposition 6.6, we have the following convergences
¢1(uk) — ¢1(L + qoo7Q) = ¢17OO >0

(bi(uk) — ¢1((L + QO0>*7 Q) - gbioo >0

where both sequences are of normalized functions in X and Y* respectively.

Now, it is easy to see that

vu) > == [ P06 >0
{z1>500}
Take k € N such that ¥ (ug) > 0. Also, there exists a ball B(u,) C Y such
that ¥ (u) > 0 for every u € B(uy). There exists some 6 > 0 such that, for all
e € (0,9), we have u(sg, ly,r £ €) € B(ux) and f’ is decreasing in (r — d,7 +0),
since f"(r) < 0.
For all € such that 0 <e < d and z € {z = (z1, ... z,) ER™ : 1 > s},

we have
—f(u(sp, L, r —€)) < —f'(ug) < —f (u(sp, lk, 7 +€))

so that, by [13, proposition 2.1] (monotonicity of the principal eigenvalue)

M (u(sk, L, —€)) < M(ug) =0 < Ay (u(sk, lk, 7+ €)).

Take uy,u_ € B(ur) NX close to u(sg, lg, 7+ €) and u(sg, lg, 7 —€) in the
norm of Y respectively, such that Aj(uy) > 0 and Aj(u_) < 0. As they belong
to B(uy), we have ¢((1—t)u_+tuy) > 0forall t € [0, 1], and Ay ((1—t)u_+tuy)
changes sign as t goes from 0 to 1. It follows that there exists some point u € X
such that \j(u) = 0 and 1 (u) > 0.

The case f’(r) < A and is handled in a similar fashion taking a sequence

If f'(r) = Ay and f”(r) < 0, then begin with the function u(z) =r € Y
so that ¥ (u) > 0 and A (u) = 0 and obtain the desired uy € X as we did
before.

|
Now we prove that, if f” > 0 and f”(0) = 0, then f’(0) # A, is also

necessary for F' to be a differentiable fold. It is very easy, indeed. Just note

that, if both f’(0) = A; and f”(0) = 0, then at v = w,(t) + t¢1 = 0 we have

52
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Figure 4.1: Here, ug(€e;) = u(sk, Ik, 7 + €) and ug(e—) = u(sg, lg, 7 — €).

that ¢ = 0, so that

-k

that is, u = 0 is a critical point. Also, h”(0) = 0 since f”(u) = 0, that is, the
point u = 0 is critical but is not a fold point. Use equivalence C.1 to conclude
that F' is not a differentiable fold.

)\1—)\120,

We finish this section with a simple example. Suppose that f(0) = 0,
f” > 0, and that there exists an interval [«, 5] containing 0 such that
f"l{a,8) = 0. Suppose that f’(0) = A; and, without loss, that o = 0. We claim
that the segment t¢, for t € [0, 5/ max ¢] satisfies F'(t¢1) = 0, that is, equation
F(u) = 0 has a segment of solutions. Observe that f|j5(s) = sA; and that,
for all ¢ € [0, 8/ max ¢], we have t¢; € [0, 3]. Hence, for all ¢ € [0, 3/ max ¢]

F(tg)) = — Lty — f(té1) = thidy — thigy = 0.

4.3

An equivalence statement

We resume what we did in this chapter with the following theorem.

Theorem 4.6 Suppose that f € C*R), f'(R) = [a,b] and, for B as in
theorem 3.6, a < Ay < b < B. Then, the map F' 1is a differentiable fold if,
and only if, f” > 0 and either f"(0) > 0 or both f"(0) =0 and f'(0) # A;.

Proof: (=) Suppose that F' is a differentiable fold. By proposition C.1, we
must have that, at every critical point u,(ty) of F, h”(ty) < 0. By proposition

93
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4.4, we have that f” > 0. If f”(0) > 0, then by lemma 4.1, we have that
R (ty) < 0. On the other hand, if f”(0) = 0, then we must have that f'(0) # Ay,
otherwise 0 would be such that A, (0) = 0 = h”(0) as shown at the end of section
4.2 that is, 0 is a critical point of A, but not a fold point.

(<) Since f” >0 and f'(R) = [a,b] with a < A; < b, we have that

lim f'(s)=a, lim f'(s)=0b

§——00 s—+00

so that, by proposition 2.14, limp_, h.(t) = —occ. Now, by lemmas 4.1 and
4.2, both the conditions f”(0) > 0 and f”(0) = 0 with f’(0) # A; imply that
at a critical point o of h,, we have that h”(ty) < 0. Apply proposition C.1 and
conclude that F' is a differentiable fold.

4.4

Geometry of heights for C? convex nonlinearities

This section contains some important results that we use in chapter 5.

Here we say something about the behaviour of A/ (¢) at infinity and discuss
the sign of A and the monotonicity of A;. In this section, B is given by theorem
3.6.

Proposition 4.7 Suppose that f € C'(R) and

lim _f(s) =a< A < lim 1(s)
S——00 S s—+00 S

Then, given z € Hy, we have

lim AL(t) =X —a, lim R.(t) =X —b.

t——o0 t——+o0

Proof: Recall that, from equation (3.2),

— L (t) = f'(u= () (t) = R (t)¢r.

Note that h’(t) is bounded since DF'(u,(t)) is uniformly bounded and, from
theorem 3.6, v/ (¢) is bounded in X (®(z +t¢1) = u(z,t) = u,(t) is Lipschitz).
Take a sequence ¢, — +00. There exists a subsequence (already relabelled)

such that A (ty) = heo and ) (tg) — U in Cp(2).
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Observe that f'(u,(tx)) — b in Q (recall that wu,(t;)/tx — ¢1 by lemma
2.13) and is bounded by B. It follows that

J' (s (o) ) (t) = buioe s and [ f(ua(t) i (8)| < bmax [l (t)ll ¢, @)

so that, by the dominated convergence theorem, f’(u,(tx))u,(tx) — bus in Y.

Apply L' 1 Y — X to the equation in the beginning of the proof to
obtain (k)
() = L7 (f () (1)) + =220
1
with the right hand side converging to bL ', + heo¢y in X, that is, v/ (¢4)

converges in X. As v/ (tx) — us in Y, we have that u/ () = us in X.

Finally, making k — oo, we have
— Ll (t) — f(u (ti)ul (te) = hL(tk)p1 — — Ltioe — bise = oo 1

so that u is parallel to ¢1. As v/ (ty) = wl(tx) + 1 — ch1 = uso, We have that
¢ =1, that is, s = ¢1. Then we obtain —L@; — by = (A; — b)p1 = hoohy.

As {ti}r is an arbitrary sequence, it follows that ¢ — +oo implies that
[w,(@®)llx = 0, [W,(t) — ¢1]|x — 0 and hL(t) = A —b.

The case t — —oo is handled similarly with b, (t) = A\ — a.

Proposition 4.8 Suppose that f” > 0, f"(0) > 0 and that f'(R) = [a,b],
a < A\ <b< B. For every z € Hy, the corresponding function t — h,(t) is

concave up until its single critical point tg.

Proof: First we prove that, for ¢t < ty, the maximum principle is valid for
DF(u,(t)). Note that ¢t — A (DF(u.(t))) is a continuous function that reaches
0 only once, more precisely, at t = t5. As we have seen in the first proof of
lemma 4.1, N (z,%9) < 0, so that it is positive for ¢t < t; and negative for t > t.
It follows that the maximum principle is valid for DF(u,(t)) if t < to [13,
theorem 1.1].

Recall that F(u,(t)) = z + h.(t)¢,. Differentiate it twice on t to obtain
DF (us(t))ul(t) = —Lul(t) — f'(u()ul(t) = f"(ua ()l (t)* + RE(t)r.

Suppose that, for some t_ < to, h7(t_) > 0. It follows that the right hand
side is positive. By the maximum principle v”(¢_) > 0. The strong maximum

principle implies that either u/(t_) > 0 or u”(t—) = 0. As the right hand side
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is not identically zero and DF(u,(t-)) is bijective, it follows that u”(t_) > 0.
This is a contradiction with the fact that u”(t_) = w/(t_) € Hx (recall that
u(t) =wl(t)+¢1 € Hx @ Vx and w € Hx = (w, ¢}) =0).

z

We conclude that, h7(t) < 0 for every t < t.
|

Lemma 4.9 Let f” >0, f'(R) = (a,b) and a < A\ < b < B. Given a fiber u,
let ug = u,(to) be the single critical point of F contained in it. Then, for all
t <ty we have u(t) > 0.

Proof: If t = tg, DF(ug)u.(ty) = 0 so that, by lemma 3.9, u/(¢y) > 0. For
t < to we have that A\;(z,t) > 0 so that the maximum principle is valid for
DF(u,(t)) and h.(t) = A\ (z,t)p(z,t) > 0. Then,

DF(u,(t))u.(t) = h.(t)¢1 > 0.

An application of the maximum principle and the strong maximum principle

provides u(t) > 0.

Proposition 4.10 Under the hypothesis of lemma 4.9, the restriction of
t = A(z,1) to (—o0,ty) is strictly decreasing.

Proof: Recall equation (4.1)

P @) (1), 6 0)
let) = O, i)

By lemma 4.9, for ¢ < ¢, we have \|(z,t) < 0.


DBD
PUC-Rio - Certificação Digital Nº 1221625/CA




