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Abstract

Stolnicki, Gonzalez David; Sirakov, Slavchev Boyan (Advisor); Pi-
mentel, Almeida Edgard (Co-Advisor). Regularity theory for
non local partial differential equations. Rio de Janeiro, 2019.
52p. Dissertacao de mestrado — Departamento de Matematica |,
Pontificia Universidade Catolica do Rio de Janeiro.

In this work, we put forward a brief introduction to the nonlocal
diffusion operators, based on the work of Luis Caffarelli and Luis Silvestre
[2]. Our object of study are the fractional Laplacian and some of its variants.
We present a number of elementary properties and establish an Alexandroff-
Bakelman-Pucci estimate, as well as a Harnack inequality. As an application,

we examine the regularity of the solutions in Hoélder spaces.

Keywords
Viscosity Solutions; Regularity Theory; Non Local Operators;
Weak Solutions;  ABP Inequality; Holder Estimates.
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Resumo

Stolnicki, Gonzalez David; Sirakov, Slavchev Boyan; Pimentel, Al-
meida Edgard. Teoria da Regularidade para Equacgoes Dife-
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1
Introduction

In the past few years, nonlocal operators have received a substantial at-
tention from the mathematical community. This class of operators appears
naturally in several fields of pure mathematics, in particular, analysis, proba-
bility and geometry. Their relevance is also to be found in a number of models
in life and social sciences.

In this thesis, we discuss some of the results established by Luis CAF-
FARELLI and LUIS SILVESTRE in [2]. Our exposition covers a few preliminary
elements, Alexandroff-Bakelman-Pucci estimates (ABP, for short), Harnack in-
equalities and regularity results in Holder spaces. The remainder of this work
unfolds as follows.

In Chapter 2 put forward, classical results from convex analysis which
unfortunately are not always taught during the formative years of the student.

Once the background is set, we start the analysis of our class of nonlocal
PDE’s. In Chapter 3, we define our operator of interest and proceed with a
discussion regarding the correct way of understanding the Dirichlet problem
related to our operator, which culminate in the concept of viscosity solutions
for the problem. Associated with that definition, we introduce the extremal
operators in a similar way to what is done in the local case; see, for instance,
the monograph [1].

In Chapters 4-7 we explore aspects related to the regularity of solutions.
In Chapter 4 we state a version of the classical ABP estimate in the nonlocal
context. In Chapter 5, we obtain point-wise estimates, the nonlocal analogous
to the local L*-estimates, in terms of the measure of sets related to the growth
of the solution. In Chapter 6, we obtain a Harnack inequality from the previous
developments. As usual in the literature, we resort to the Harnack inequality

to produce a Holder-continuity result; this is reported in Chapter 7.
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2

Former results and preliminary material

With the finality of guiding the reader through the theory developed in
the following chapters, this chapter will present some basic facts of analysis
which are not commonly taught at the more mainstream analysis courses, but
are nonetheless necessary for the correct understatement of what follows. The
following results were in part found and the interested reader may look for

deeper results and applications at [3].

Definition 2.1 A subset C C R is said to be convez if (1 — N)ax + \y € C
whenever z,y € C and X € [0, 1]

Definition 2.2 Let f: S C R? - RU{cc0}. The set

{(z,p) |z e pneR pu= fle)}

is called the epigraph of f and is denoted by epi(f).

Definition 2.3 A function f : S C R? — R U {0} is said to be convez if

epi(f) is a convex set.

Remark 2.4 A convex function must have a convex domain. On the other
hand, a locally convex function does not have such a restriction and as such

has important applications in reqularity theory.

Definition 2.5 A function f : S C R? — R U {oo} is said to be concave if

—f is a convex function.
Lemma 2.6 Every convex function f: S C R — R U {cc} can be extended
to a convex function f: R* — R U {co}.

Proof: Define f : R* = RU {co} as

Fla) = f(x) res
+o0 r ¢S
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Chapter 2. Former results and preliminary material 12

Let (z,p), (y,v) € R Nepi(f), therefore (1 — t)(z, 1) + t(y,v) € epi(f) C

epi(f) for every t between 0 and 1. As a direct consequence epi(f) is convex
and convexity of f follows.

|

In light of the previous result, the following lemmas will be stated

assuming the function f is defined over the whole space R¢.

Lemma 2.7 A function f : R? — R is convez if and only if
f((I=XNz+Ay) < (1 =Na+ A3 YA€ (0,1)

whenever f(x) < «, f(y) < B.

Proof: Suppose f is convex. Since a > f(z) and > f(y), the pairs (z, a) and
(y, B) are in epi(f). Since f is convex, the epigraph of f is a convex set, which

implies:
fF(A=XNz+Xy) <A =N)f(z)+ Af(y) < (1 =Na+ A5 A€ (0,1).

on the other hand, suppose the inequality is true. Let (z,«), (y,8) € epi(f)
and A € (0,1). Thenf((1 — X\)z + A\y) < (1 — A\)ar + A5 which implies that the

epigraph of f is convex and therefore the function f is convex. [

Corollary 2.8 (Jensen’s Inequality) Let f : R? — R be a convez function.
Then

FL=Nz+xy) < (1 =) f(z) +Afly)  Ae[01].

Proof: It follows from Lemma 2.7 taking the infimum over «, such that

flx) <a, fly) <B. _

Definition 2.9 Let C C R? be a convex set, and suppose f : C — R is
concave. A vector p € R? is a supergradient of the function f at the point

z € R? if for every y € R?

fly) < f@)+p-(y— ).

Analogously, if f is a convex function, we say that p € R? is a subgradient of
f at x € R? if
)z fx)+p-(y— =)

In both cases we denote the set of all supergradients and subgradients of f at
the point x as 0f(x)
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Chapter 2. Former results and preliminary material 13

Definition 2.10 A convex function satisfying the assumption 2.9 is said to be
superdifferentiable at a point v € R if Of (x) is non-void. In the same manner

we define that a concave function f as in 2.9 is subdifferentiable at x.

Theorem 2.11 A concave function on a convez set in R? is superdifferentiable

at each interior point.

Proof: Let f be a concave function defined on a convex set C' C R?, and let «

be an interior point of C'. Consider the strict subgraph of f,S, as:
S:={(ya) e O xR:a < fy)}

It follows from the concavity of f that S is a convex set. Also clear is the
fact that the pair (z, f(z)) does not belong to the set S. By the Separating
Hyperplane Theorem we obtain a nonzero pair (p, \) € R? x R such that:

p-x+Af(z) >p-y+ Ao, (2-1)

where the inequality above holds for every y € C,a < f(y). It follows from
letting a tend to infinity that A must be a non-negative number. We proceed
to conclude a stronger fact, namely, that A is indeed strictly positive. Suppose,
in order to obtain a contradiction, that A = 0. Since z is an interior point, for
some € > 0 the ball B.(x) is contained in C. Considering points of the form

y =x * ez, with z € By, in 2-1 we obtain:
0> .
- (2-2)
0> —p-z

We conclude that p must be zero, which contradicts the fact that (p, \) is
nonzero, therefore \ is strictly positive.

Since A is strictly positive, dividing the whole expression in 2-1 by A we

obtain:
—-Pp
f@)+ -2 (P za
The result follows from letting a tend to f(y) and noticing that—% € df(x).
[

Theorem 2.12 Let A be an open convex subset of a finite dimensional vector

space over R, let f : A — R be a bounded convex function. Then f is continuous
on A.

Proof: Let A and f be as in the theorem, let x € A an arbitrary point.
Consider P the parallelepiped centered at x lying completely inside A, such
parallelepiped exists since A is open. Let y € 0P, for A € [0, 1], convexity of f

implies
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FI(L =Nz + Ay) < fz) + Alf(y) — flz)]. (2-3)
Also, for a € [0,1/2], it follows that

1-9
( Oé)x+ oy

ro=1(0-a) | +atze-0)

11—« 11—«
1 —-20)x Q
( ) LY

SA-a)fCg— "+

+ 2z —
)+ af(2x —y)
Choosing A as %~ we obtain

L+ A f(2) < f((A =Nz +dy) + Af (22 —y). (2-4)

Using the two enumerated inequalities we obtain

—(AfQ2z—y) = f(2)) < fle+ Ay — ) — f(2) < A(f(y) — f(2)).

Since both y, 2z — y are in 0P, the above inequality implies that a strict
maximum of f cannot be attained in the interior, another conclusion of the
previous inequality is that for any vector z € Py := {z + Ay — x) : y € 0P},

is true that

£ (2) = f(@)] < Al sup f(y) — f(x)]

yeoP
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3

Further context: the operator L

Motivated by the expression of the infinitesimal generator of a Lévy
process consisting only of jumps, without either drift nor diffusion. We consider

an operator of the form

Lu(@) = [ [ule+y) = u(@) = y- Vul@)xodua@lvdy),  (3-1)
RA\{0}
above v is a Lévy measure, in particular, this means that v is subjected to the

growth condition
ly?
2
2 1yl

dv(y) < oo

If we restrict our attention to the case where v is an absolutely continuous

measure with respect to the Lebesgue measure, such that v’s Radon derivative

dv
dy

to rewrite (3-2) in the following form:

:= K(y) is represented by a positive symmetric kernel, one would be able

Lu(@) = [ [u(+y) = u(@) =y Val@)xoaqaIK @)dy.  (3-2)
R4\ {0}

As a consequence of /s growth condition K (y) must satisfy:

LS K (y)dy
1+ |y|?
Rd

Depending on the structure of our kernel K, the above integral may present
singularities, so (3-2) must be understood in the sense of Cauchy’s principal

value.

Remark 3.1 One of the most studied examples in this class of operators is

the fractional laplacian defined as:

r+y) —u(w) —y - Vu(@)Xo<ly<1(¥) p
[y|&+e Y-

Lu— PV/“(
Rd

Noticing the odd symmetry of the last term we may simplify the above expres-
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ston and obtain
r+y)—u(z)
|y[dte

Lu= PV / u dy,

R
furthermore if u € C*(Q) by expanding the function u through the truncated
Taylor series, we may conclude that the above integral can be understood in the
usual sense not requiring to be taken in the principal value sense, since there
would be no powers of |y| smaller than —1 after the appropriated simplifications

are done.

In view of the previous remark, we concentrate our efforts in the study

of the following Dirichlet problem with special attention to regularity results:

Lu = PV/[u(a: +y) —u(2)]K(y)dy = f inR?
Rd (3_3>
u=g in R4\ Q

We can further rewrite the integrand as:
PV [[u(z +y) - u(@)]K(y)dy = PV [[u(z = y) - u(@)] K (~y)dy
R4 Rd

Recalling that K is symmetric we conclude by summing the two identical

expressions above and dividing by two that

r+y) +ulr —y) - 2u(x)
2

Lu= PV/ u K(y)dy.

In order to ease the reader in the following calculations, we introduce the

function:

With the objective of correctly posing Problem 3-3, we put forward the
viscosity solutions framework adapted to the nonlocal setting.

A function u : R — R, upper(lower) semi continuous in €, is said to be
a subsolution (supersolution) to Lu = f, and we write Lu > f (Lu < f), if

whenever
1. 2 is any point in €.

2. N is a neighborhood of x in (2

3.  is some C? function in N.
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Chapter 3. Further context: the operator L 17

5. 0(y) > uly) (p(y) < u(y)) for every y € N\ {z},

and if we construct the function

¢ inN
u in R\ N,

V=

we have Lv(z) > f(x) (Lv(xz) < f(x)). We then define that a solution to the

problem (3-3) is a function which is both a subsolution and a supersolution.

Figure 3.1: On this image the function 1 touches u from below at the point z

Figure 3.2: On this image the function 1 touches u from below at the point z

Maximal Operators

As in the case for local, Fully Nonlinear PDE’s, we bound the operator by

a pair of linear operators with simpler structure, in this context those operators
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Chapter 3. Further context: the operator L 18

are called Maximal and Minimal Operators which play the whole of the Pucci
Operators in the aforementioned theory.
Let us consider a collection of linear operators £. The maximal and a

minimal operator with respect to £ are defined as:

MEu(z) = sup Lu(z)
LeL

M u(z) = 1{1612 Lu(x)

We will be interested in a class £, of operators as in (3-2) such that the

kernel K satisfies:

A

(2—0)
|y|"+o

e S K@) <(2-0)
||

The class £y may be understood as those operators which are bounded by
multiples of the fractional laplacian, for this particular class, we can explicitly

describe the maximal and minimal operators:

Ao (u, z,y) — N~ (u, 2,y
MJLFOIU’(J:) = (2 - U)/ ( |;|n+a ( >dy
Rd
_ AN (u,z,y) — A (u, 2,y
MG u(z) = (2—0)/ ( @J'W (w2.9) g

Rd

Remark 3.2 Unless explicitly stated, the classes Lo and L will be used inter-

changeably, for a friendlier reading.

In this context we need to define what does it mean for an operator L
be elliptic with respect to a class of linear operators £, for a more meaningful

reading the next definition is helpful.

Definition 3.3 We say that a function is punctually C' at the point x €
if, there exists a vector v € R and M > 0 such that:

u(z +y) —u(r) —v-y| < My|*
for sufficiently small y.

Definition 3.4 Let L be a class of linear operators, we say that an operator

L is elliptic with respect to L if it satisfies:

— Ifu is any bounded function, Lu(x) is well-defined for all C*' continuous

functions at x.
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Chapter 3. Further context: the operator L 19

— If u is a C*(?) function for some open set Q, then Lu is a continuous

function over )

— If u,v are bounded functions, Ct' continuous at x, then

M (u—v) < L(u) = L{v) < ME(u—v).

Now we will verify that L is indeed elliptic with respect to the class Ly,

we will only prove the first point since the other two are immediate.

Lemma 3.5 If u is any bounded function, Lu(z) is well-defined for all C*!

continuous functions at x.

Proof: Since u is a C1'!, there exists N(0) a symmetric neighborhood of 0 such
that
u(z +y) —u(z) —v-y| < Myl

for all y € N(0). From the definition of K, one may compare Lu with the
following integrals:

(2—0) / AMu(x —||?—J|ji)+; u(x))dy < Lu<(2—0) / A(u(x |—;—’73£U— U(I)dy (3-5)

R4 R4

Due to (3-5), it is enough to prove that for a fixed x € RY,

/ u(x +y) —u(x)

dy < 0o
ly["*e

R4

Now, we will split the above integral in two by splitting our domain and follow
by estimating them separately.

At the first moment, we will restrict our attention at N(z).

/ u(a:—||—gﬁ;u(x)dy < / \u(x—l—y)|—|;i(f)—v~y\dy+ / vy iy

2
SM/ ||iyn|+gdy,
N Y

which is finite since o € (0,2). Notice that the third integral vanishes due to
symmetry. Outside N(0) the estimate is simpler.

[ MDDy,

n-+o
R\ N () i RAN (z)

dy < oo
’y‘nJro'
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Chapter 3. Further context: the operator L 20

Remark 3.6 In fact we have proved more, we have shown that

/ ulz +y) = u(x)ldy < 00, instead of /u(x )= u<x)dy < 0
R4 R

|y|nte |ly|n+e

Theorem 3.7 If we have a subsolution to Lu > f in €, and ¢ a C? function
that touches u from above at x in ), then Lu(x) is evaluated in the classical

Sense.

Proof: Given r>0, consider the function defined as:

©(y) in B,(y)

vr(y) = .
u(y) in R?

Since ¢ touches u from above, we have that 6(v,,z,y) > d(u,v,y) for every

y € R? and is increasing with respect to r, thus:
MFu.(x) > Lu.(z) > Lu(z) > f. (3-6)

Since v, is a CY'! continuous function at x we may evaluate Lv,, and M*v,(z)
in the classical sense, also, both [0(v,., z, y)|/|y|" 7, 0" (u, x,y)/|y|" 7, are inte-

grable by the previous remark. Rewriting (3-6) it follows that:

(2 - U) / A(5+(Umxay) - Aé—(vr:$ay>

T dy > f(z).

Rd

Fix ro > 0, then for every r < rq:

A~ (v, x, Aot (v, 2,
2-0) [ty < (2 ) [ 2 B By — fa)

R4 R4

Notice that the integrand on the left side monotonically converges, and by the

Monotonous Convergence Theorem:

lim(2 - o) [ M nsy) (o) / 2 way)

r n+o n+o
=0 PN A
AS* (v, ,
<@-o) [ 20ty fa)
yn g
Rd

Therefore both the positive and negative parts may be understood in the
classical sense and it follows analogously that: M™ (v, — u) tends to zero and
therefore Lu > f. ]
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4
Alexandroff-Bakelman-Pucci Estimate

In this section we present the Alexandroff-Bakelman-Pucci estimate
adapted to the context of integro-differential equations. This will enable us
to move from measure theory estimates to pointwise estimates. Later in this
monograph, such an estimate will be an essential element in the proof of
the nonlocal Harnack Inequality. This gives us information over the growth
of solutions. This estimate still holds true under the limit of the fractional
parameter o recovering the classical ABP.

In what follows we introduce the definition of concave envelope for a class

of functions v : R? — R. First, we put forward the definition of affine function.

Definition 4.1 A function of the form
lx)=a+0b-x,

with a € R and b € R? is called affine.

Remark 4.2 There is also the natural extension of affine functions, namely,

vectorial affine maps, which are of the form:
lz)=a+Db-x,

where a € R4 b € L(RY R?). In this case, { also describes a plane in the

ambient space.
Definition 4.3 Let u : R? — R be such that
u(z) <0, v € R\ By.

The concave envelope of u in By at x is denoted by I'(x) and defined as follows:

I(z) = min{l(z), ¢ affine |{(x) > u™(x) in By} for x € Bs
e 0 for x € R"\ Bj
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Next we establish some proprieties of the function I'.

Lemma 4.4 Let I' : R? — R be as in Definition 4.3. The restriction of T to

Bs is concave.

Proof: The proof follows from the fact that the minimum of concave functions
is concave. Notice that when restricted to Bs, I' is the minimum of affine
functions. Recalling that every affine function is concave, we conclude that "
is concave. |

As a corollary of the previous lemma, we prove the continuity of I' in Bj

as a direct consequence of Theorem 2.12.

Given a function u : R? — R satisfying the conditions in Definition 4.3,
one may consider the concave envelope I' as on above and define the contact

set of u as follows.

Definition 4.5 If u satisfies the conditions of Definition 4.3, we define the

contact set of u, denoted by X, as:

Y, ={y € Bi|u(y) =T(y)}.

Remark 4.6 Unless we are dealing simultaneously with more than one con-
cave envelope, we will not use the subindex in order to preserve the clarity of

the notation.

Lemma 4.7 The set {y € Bs|lu =T} is closed.

Proof: Since u is lower semicontinuous and I' is continuous, u — I' is lower
semicontinuous and therefore {u = I'} is the preimage of a closed set by a
lower semicontinuous function. The result follows from classic consideration in
Analysis. [

With the above results at hand, we are going to present a number of
lemmas. Those are combined to yield the ABP estimate for a class of nonlocal

operators.

Lemma 4.8 Let u satisfy the conditions of Definition 4.3. Furthermore sup-
pose
,/\/l+ Z —f m Bl.

Let:

- Po = 1/8\/87
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—_1
- T =i po2 2T,

- Bi(z) = By, (2) \ B

Tk41*

There is a constant Cy(d, X\, \) such that for any x in the contact set,
and any M > 0, there exists k € N for which
f(z)
M
where VI is any element of the superdifferential of I at .

|Ri() N {u(@) < uly) + (y — )V (z) = Mri}| < Co

| Ri(z)l, (4-1)

Remark 4.9 Such a superdifferential is always nonempty in Bz since T’

restricted to Bs is concave.

Remark 4.10 If u is differentiable the superdifferential of T' coincides with
Du. On the other hand if I' is differentiable DI' coincides with the superdiffer-
ential of the function T".

Proof of Lemma 4.8: Since u can be touched from above by a plane, Lemma
(3.5) implies that MTu(z) can be evaluated in the classical sense. Recalling

the definition of such operators,

Aot — N6~
M+U<I> = (2 — U) /n Wdy

we now verify that if z is in the contact set X then for all points y in R",

d(u, z,y) < 0. First, suppose that both x 4+ y, x — y are elements of Bs.

. u(z) = p(z) plz +y)

u(r —y) u(z +y)

Figure 4.1: Visual comparison between p and u

So as illustrated above we get:

S(u,z,y) = uw(@+y)+ulr—y)—2u(x) < ple+y) —plr—y)—2p(x) =0, (4-2)

where the last equality follows from p being an affine function.
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Next, after going through the first case, suppose that either of x 4+ y or
x — y does not belong to Bs. Suppose without loss of generality that x + vy is

outside Bs, In a straightforward manner we obtain:

2|+ |y| > |z +y| > 3,
ly| > 2,
lz —y| > || —[y| > 1.

Therefore neither x4y nor 2 —y belong to B;. This implies that both u(x +y)
and u(x — y) are negative and in particular we obtain §(u,z,y) < 0. As a

consequence we get:

—f(z) < M*u(z) = (2—0) /R Wdy (4-3)
I = (4-4)

where (4-4) follows from integrate a negative function over a smaller domain.
Decompose the domain of integration on (4-3) as the disjoint union of

rings Ry (z):

B"'O = U Rk(o)
keN
Then
—A0 u, T, -0 u, T,
2o [ Popra =) [ et
By Yl ||
U Rx(0)
keN
-0 (u, z,y)
=(2 -0 / 3 &y d
( )% Re) |yt
Replacing the previous identity in 4-4
A~ (u,z,y)
flx)>(2—-0 / ————"dy. 4-5
@ze-0% [ (1-5)

Suppose by contradiction that (4-1) does not hold. In other words it
means that there exists a point z € {u = I'} such that for every Cy > 0 there
will be M > 0 satisfying

f(x)
M

|[Ri(2) N {u(@) <uly) + (y — 2)VE(2) = Mri}] > Co—""|Ri(z)|  (4-6)
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for every k € N. As a consequence of (4-6) taking y = x 4+ z we obtain:

(=)

|2 € Rip(0) N {u(r + 2) < u(x) + (2)VD(x) — Mri}| > Co i

| Bi ()|
Recall now that since I' is concave, VI satisfies:
Dz —2) <T'(z)+ VI(z)-(—2)

It follows from the definition of concave hull and the fact that x is in the

contact set that,
u(zx — z) <T'(x — 2) and u(x) = I'(x).

In turn, it implies,

f(z)

|z € Rp(0) N {2u(z) > u(x — 2) +u(x + 2) + Mri}| > cCy i |Ri.(2)|
or in another notation,
. ) f(z)
|z € Re(0) N {0~ (u,z,2) > Mri}| > Cy |Ri ()]

M

Then we can further manipulate (4-5) as follows:

f@0=e-0Y [ S

o Ry yltte

A6~

>@-o)y [ o Cady

£ Ru(ongs—>2mr2} |y

Mr? cCyf ()

>(2—0)) 2M—=

&M

Po

> c(2— U)moof@)

Z CCOf(x)>

the last inequality follows from the fact that the expression is uniformly
bounded for the fractional parameter o € (0,2). Since Cy is arbitrary, letting

Co > % would lead us to a contradiction.
|

Remark 4.11 At this point the choice of py is not necessary: the above lemma
Copo?

holds for any choice of py adjusting Cy = p
0
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Corollary 4.12 Suppose that for some point v € R M*tu(z) > g(z) then x

cannot be in the contact set if g(x) > 0

Proof: Suppose that the inequality holds for some point z in the contact set,

then as in the above, one would obtain:

-6~
+ _
O<g($)§M u@)—(?—o)/RdeySO (4‘7)
which is a contradiction, and as such the result follows. |

Lemma 4.13 Let I' be a concave function in B,. Assume that for a small ¢,
{y:T(y) <T(z)+(y—a) - VI(x) =h}N (B (2)\ By2()| < €| Br(x)\ Br ()|

then I'(y) > I'(x) + (y — x) - VI'(z) — h in B,s.

Proof: Let y € B,s(x). We may create two points as in the figure:

<\

Figure 4.2: Geometric construction

To construct these points, consider the straight line ¢; going through z
and y, now construct a line orthogonal {5 to the one previously created. Now

choose two points ¥, y2, in 5 symmetric with respect to y such that

9
v —yl = lya —y| = \/167“2— ly — z|? (4-8)

from the above construction,
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L. yi,y2 € B, () \ Byja(x)
2. [y —a| =y — [ =3r

— n1tye
3. y="4935

Consider now the balls By = B, /4(1), Ba = B, /4(y2), from the previous
considerations we have that both balls are symmetric with respect to y and are
entirely contained in the ring B, \ B, /.. Taking ¢ sufficiently small we would

have:

|B1] > ¢€|B, \ Brpao| 2 [{y - T'(y) < T'(x)
|B2| > [ B, \ Byjo| = {y : T'(y) < I'(x)

Thus, both sets must intersect the set
{y:T(y) 2T(x) + (y —x) - VI'(z) = h} N (B, (x) \ By j2(x),
and therefore

{y:T(y) =2T(z)+(y—x) - VI(z) = h} N B[ >0
{y:T(y) 2 T(2) + (y —2) - VI'(z) — h} N Ba| > 0.

The former inequalities imply the existence of two points z; € By,20 € By
such that:

z1t22

1. z = 5

2. T'(zn)>T(x)+ (21 —x) - VI'(z) = h
3. I'(z2) >T(z) + (22 —x) - VI'(z) — h

by the concavity of T’

r r
1) =152 2 HEETE) 5 ny 4 -y wr) -
and the proof is complete. [ |

Corollary 4.14 For any ¢y > 0 there is an universal constant C', such that

for any function u satisfying the same hypothesis as in Lemma (4.8), there is

+ o+
S =
| |
2=
<1 <
= =
2 &
| |
> S
—

D)
S
NG
—

™
< 2
NN
2 &
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ar e (0, mﬂfﬁ) for which :

{y € B:(z) \ Brpa(x)  uly) < u(z) + (y — x) - VI'(z) — Cf (x)r?}]
|Br () \ Brya()|
VI (Br/4)] < Cf(x)!Bya()].

<e¢o

Above, py is the same as in Definition 4.3.

Proof: The first statement follows immediately from Lemma 4.8 choosing
M = ¢z ((] The second fact follows from the previous one, together with

convexity. |

Lemma 4.15 Let B,(x) be the family of balls B,, in Lemma 4.8. Assume that

x 18 a point in the contact set. Then:

U B, («

TEN

> C(supu)? (4-9)

Lemma 4.16 The measure of the image of VI'(B; \ ¥) is 0.

Proof: Notice that the collection B,(z),ex is a cover of ¥, in particular due to
the compacity of 3 we may extract a countable subcovering of ¥, B; = B, (z;)
such that:

1. For every j € N, the ball B; C B, 4(x) where r is given by corollary 4.14.
2. The subcover has finite overlapping.

Recall that when restricted to B;, the function I' is at most quadratic, and
thus:
IVI'(B;)| < C|By|.

It follows from lemma 4.16 that for every set ¥ C X C Bs we obtain:

[VE(Bs)| = [VI'(X)| = [VT ()]

A consequence of choosing X = | Bj is:
jEN

(supu)? = (sup ) < C[VI(By)| < €3 |VI(By)| < C

j=0

U VI'(B;)

jEN

|
Even though the previous result gives us an £> estimate for the solution

u, the estimate is still too imprecise. In what follows, we will present a
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refinement of the estimate which goes a step further and generalize the
celebrated ABP-estimate.

Theorem 4.17 (ABP Estimate) Let u and I' as in Definition 4.3 then
there exists a finite tilling of cubes Q;, with radius d; satisfying the following:

1. Q:inQ;=0.

2. X CUiL, @j.

3. The tilling is minimal, in the sense that > N @j is nonempty.
4. d; < /102%

5. IVI(@)] < Clmasg, 1)1Q;1

-y € 8ynQjluly) > I'(y) — Cmaxq, fdi}| > plQ;|

D

Proof: We start by covering B; with a finite amount of disjoint cubes with
diameter equal or less than pOQ%. This is always possible for a fixed radius
r, since one can cover B; with open cubes of radius r centered at every point

of B; and due to compacity extract a finite subcover.

e S

Contact set: {u =1TI'}

Figure 4.3: Covering the contact set with cubes [2]

By now our construction attends conditions 2 and 4, in order to conclude
the proof we will iterate the following procedure: Whenever a cube does not
satisfy conditions 5 and 6, split that cube in 2" cubes with half of the diameter
and proceed by discarding all of those whose closure do not intersect the
contact set.

It remains to show that after a finite amount of iterations, we obtain the
desired collection of cubes with the exception they may not be disjoint.

Suppose for contradiction, that the algorithm produces an infinite

amount of cubes i.e for every iteration, there is a cube which is split into
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8v/dQ;(mo)

Figure 4.4: Relation between the cubes and the balls

smaller cubes. If that is the case, then we would obtain a sequence of nested
cubes.

Recall that given a nested sequence of closed nonempty subsets of a
compact metric space X, the intersection (] X is nonempty.

Therefore the intersection of the clogure of our nested cubes must be a
point xg in X since all the closed cubes intersect Y2, in particular it implies that
u(zg) = I'(xo).

The contradiction will follow from showing that one of the cubes contain-
ing xo will not split. It follows from corollary 4.14 that for some r € (0, p02_ﬁ)
for which holds true that:

B,(@)\ Boya(z)] =0

[VE(B,a)| < Cf ()| Brja()].

Let @, be the nested sequence of cubes with diameter d,, whose closure
contains xg. Since the diameters of the nested sequence of cubes decrease by

half at each iteration, we have that for some integer 57 € N it holds true that:

Q,; C Byja(ro)  Bi(wo) C 8VdQ;
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Recall that in Bs, I" is a concave function as a consequence of Lemma 4.

This implies, following definition 2.10, that:
I'(y) < T(wo) + (y — x0) VI (20)

Using the fact that xg € X we obtain:

['(y) < u(zo) + (y — 20) VI (20) (4-10)

With all the previous estimates at hand, we may show that condition 5
holds.

{y € 8VdQ; |u(y) 2 T(y) - Cmax f(@)d}}| 2 (4-11)
[{y € 8VdQ; | uly) > T(xo) + (y — 20) VT (x0) — Cmiax f@)di} = (412)

[{y € 8v/dQ; | uly) = T(x0) + (y — 20) VL (o) — Cf(x0)r?} = (4-13)
(1= €0)[Br(x0) \ By/2(w0)| = pl@Q].  (4-14)

On the above, inequality (4-11) is an immediate consequence of (4-10),
the next estimate follows from the fact that C' > 0, so we are only weakening
the bound. To proceed, we recall that d; and r are comparable due to figure
4.4, and conclude (4-13). The last line follows from Corollary 4.14 and simple
euclidean geometry.

From the last chain of inequalities we may conclude that 6 holds and

since (); is contained in B, & is true as well. |

Remark 4.18 At a first moment it may not be clear that Theorem 4.17 should
be called the nonlocal ABP estimate. But the name is well-deserved if we notice
that as o — 0 the size of the squares tends to zero. In particular, we have for

every positive o:

2_ V(@) <> Cmax f* (4-15)

Now, letting o goes to zero, the right-hand side converges to a Riemann integral

while the left side converges to the measure of V{X} i.e:

vzh<c [ (+16)
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In what follows, we are interested in obtaining point-wise estimates from

the measure of some sets. This kind of analysis plays an important role when
demonstrating a Harnack Inequality. The results proven here are analogous to
those found in [1]. The first step in producing this result is the creation of an
explicit subsolution, we proceed with the construction of such object.
Proof: We start noticing that proving for x = e; = (1,0,...,0) is enough.
Suppose that x is not a unitary vector, then a rotation brings us back
to the previous situation, otherwise we may consider the function f (y) =
|z|Pf(|x|y) > f(y), hence the proof may be simplified by only concerning
ourselves with the case r = e;.

We follow computing an estimate of d(f,z,y) for y € By/s. Recall the
ly| < 1/2 implies that neither x +y nor x —y is in By, therefore f(z) = |2|7?
for z € {z,z + y,x — y}.

Recall the following Bernoulli-like inequality

Lemma 5.1 Let x > —1, then for every g > 0

1
1+2)9>1+qr+ q(q;_):pQ.

From the above inequality we obtain a pair of inequalities, which will be used

on what follows.

Lemma 5.2 Let a > b >0, then for every ¢ > 0

(a+b)7" > a1(1+2).
a

Proof:[Lemma 5.2] Consider the expression (a + b)~%, rewrite it as a?(1+ )74

and apply the previous inequality with = = g. Hence, (a +b)77 > a (1 +

q% + @22). Since the last term is positive we may discard it and obtain the

desired inequality. |


DBD
PUC-Rio - Certificação Digital Nº 1712692/CA


PUC-RIo- CertificagaoDigital N° 1712692/CA

Chapter 5. Preliminary regularity: L*-estimates 33

Lemma 5.3 Let a > b > 0, then for every g > 0

(a+b)"74 (a—b)"71>2a"94 q(q+ 1)b*a 72

Proof:[Lemma 5.3] As in the proof before, we may consider z = 2, use the first

inequality and obtain:

(14+z)™7 > 1+qx+7+x

(1—2)7 > 1—q:c—i—q;_(—x)2

The result follows from summing both inequalities and multiplying by a=? and
explicitly writing the value of x as b/a. [
Since the above inequalities have been established, we may proceed

estimating d(f,z,y) for y € By/s.

0fxy)= |r+y| P+ |r—y|™P =2z
= (e+yP) PP+ (|l = y) P = 2(ja) 72
= (P + 20 9) + [P+ (|2 = 2(z,y) + [y[) P2 = 2[a|
= (L2 + )P+ (1 =2+ [y) 2 -2

We may now estimate the above in view of Lemma (5.3), choosing a =
I+ ’yP?b = 2y;,q = —p/2. Hence,

O(f,2y) > 201+ [yl*) ™2 + plp + 2yt (1 + [y|*) 7272 -2

We may continue our estimates using Lemma (5.2) on both terms.
1
O(f,2,9) 2 p(=lyl* + (0 + 297 = 50+ 2) (0 + Dyilyl*)

Now we proceed estimating M~ f(e;). The key idea is to estimate the
integral splitting it over a small ball of radius smaller than 1/2 and over the
complement of such ball. On the former set, we will use the above estimate

and on the later we may use that 0 < f(z) < 2”.

AT — Ag— T

AT — A6~
MR g+ @2—0
i 2=

M f(e1) = (2~ 0) /r R\B, Wdy
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We may choose p large enough in order that
(p+ 2)>\/83 V2do(y) — A|OBy| =: 6y > 0

With the above definition we may bound the above integrals as

AT — NG
Mf(el):(2_a)/r ||yH

r Apdos? — p(p +2)(p + 4)CAs? P
> (2 B U) /0 glto ds — (2 a 0) /]Rd\BT A ’y‘ﬂ+0

Evaluating the above integrals we conclude

A5t — A§-
dy+(2-0) [ S

dy
RI\B, ||y||*Te

2 — 0r4_” _ 2 — OC’Q”“T‘”

M f(er) Z er*™pdo —p(p +2)(p+ 90— .

Now, fix r positive but smaller than 1/2 and then choose oy < 2 such
that for every o € (0g,2) the last two terms are small to the point that the
above expression is positive.

Corollary 5.4 Given any oy € (0,2) and r > 0, there exist p > 0 and 6 > 0
such that
f(x) = min(677, [x[77)

s a subsolution to

M f(x) =20
outside B,.

Proof: The idea behind the proof is controlling the negative part of M~ f(x)
choose § sufficiently small in order to have the positive part of M~ f(x) big
enough to overcome the negative one. As before let x = e;, and without loss
of generality fix » = 1. From the previous corollary we obtain the existence of
o1 and pg such that choosing § = 1/2, f is a subsolution for every 2 > o > oy
outside of By. Suppose now that o; > o > 0, otherwise there is nothing to be
done. Define p as the maximum between py and the dimension d.
Writing

R

_ AT Ao~
M f(€1):(2—0)/dey—<2—U)/RdHy||d+gdy=111+fz-

Since f is bounded the rightmost term is finite i.e I > —C' for some positive

C. Notice that ||z +y||™ + ||z — y|[7? — 2||z|[7? is not an integrable function
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since for every M > 0 there exist dy such that

-p — =P = 2llzll—P
[ el 2,
R4\ B,

[lyl|4+e

So choosing § = dy given by setting M = 2C we obtain:
Mif(€1> = Il +.[2 > 20 — C > 0.

Corollary 5.5 Given any o € (0,2) there exists a function ¢ : R — R such
that

1. ¢ is continuous over R,

2. p is compactly supported in B, /3.

3. p(x) > 2 for every x € Q3.

4. M~p(x) > —1(x) for some positive function 1p supported in m.

Proof: Fix r = 1/4, let p,§ > 0 being the ones given by the previous lemma.
Consider the function described by:

0 in ]Rd\BZﬂ
p(x) = caflz||7 = (2vVd)™ in B,y \ Bs
q in By

Above, ¢ is a paraboloid chosen in order to make ¢ continuous over B, /g, c is
such that the third affirmative is true. It follows directly from the definition of
the above function the veracity of the first two affirmations, the fourth holds
due direct computation. [ |

With the above subsolution constructed we may proceed in obtaining a

pointwise estimate.

Lemma 5.6 Let 0 > o9 > 0. There exists g > 0,0 < p < 1, and M > 1
(depending only on oo, \, A\, d) such that if

1. u >0 in R
2. infg,u <1
3 MTu<eyin Qg

then [{u < M} N Q| > p.
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Proof: Consider the function v = ¢ — u, such that ¢ is as given by corollary
(5.5). Notice that:

1. USOiHRd\Bzﬁ.
2. M*u(x) > —(x) — . in B, 5.

The former point follows from the fact that outside B, 5 ¢ is identically
zero and u is nonnegative at the whole space. The latter, follows from the
computation

Mo>Muo=M - Mu>—19—s.

Consider the function @ : R? — R the scaled version of f i.e #(z) = f(2v/dx)

therefore.
1. #<0in R\ B.
2. M*o(x) > —(2v/dr) — &¢. in By.

The first point follows from the previous observation mutatis mutandis while

the second may be shown computing
M*To(z) = (2Vd)° MFu(2Vdzx)
Hence,
MFo(z) > (2Vd) "7 [—(2Vdx) — go] > —h(2Vdx) — &q.
With the above estimate at hand, we may apply the results from the

previous section and obtain

1/d

1/d
maxd < C|VI(By)|* < € (Z |vf<c2j>|) <c (Z max(1(2Vde) + €o)+|Qj|>

for a family {Q;}7_, of cubes given by Theorem (4.17). Rewriting the above

in terms of v:

BoVd

J

1/d
maxv < C’|VF(2\/E)|1/(1 <C (Z |VP(Q7>|)

for I' the concave envelope of v over By 5. It follows from the fact that
Q3 C B, /; that maxp, . > maxq,. Notice that ¢ is greater than 2 in @3 and

the infimum of u over @3 is bounded from above by 1. Hence, maxy ;v > 1
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S0,

J

1/d 1/d
1<C (Z rvmn) <C (Z%axw@ﬂw) * 8o>*>dl@j!)

j J

Recalling that (A + B)T < A" 4+ BT,

J

1/d
1< Ce++C (Z(ngw@\/gx)*)d@jl)

Choosing € smaller than 1/2C

N | —

J

1/d
<C (Z(H&%X 1#(2\/3f13)+)d162j|)

Since 1 is supported in By, we may only consider the cubes (); such that

B, /4N Q; # 0. Also, since 1) is bounded, an estimate about the measure of

such cubes. 1
Qi > =:c>0 5-1
§1/40Qj7£®

The diameters of all cubes @); are all smaller than pOQﬁ which is

uniformly bounded by %.

Lemma 5.7 Let Q(zo) be a cube such that the diameter of Q(xo) is smaller
than %. If Q(z0) N Byys # 0, then 4N/dQ(zo) C Bijs.

Proof:[Lemma 5.7] Since Q(z¢) N By/4 # 0 it follows that

1 diam(Q(zo)) 1 1
zol| < = 4 24N 2 =
ol < + FEED < 2o
Let z € 4v/dQ(x) then
4Nd - diam(Q;) 1 1 1 1 1
< + = +—< -4+ —+——< =,
I < [l 2 o]l 41/2 — 4 16vd  4V2 T 2

Applying Theorem 4.17 to ¥ and rescaling we conclude
{z € 4VdQ;|v(x) > T(z) — Cd}}| > |{z € 4Q|v(x) > T(z) — Cd}| > ¢|Qy,

with d; < po. Consider now the collection {4\/862]»}, for (); such that

Bis N Qj # 0, an open cover for the union U @, we may extract a
QjNB1/4#0
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subcover with finite overlapping.
> r € 4VdQlv(x) > T(x) — CdT}| > Y~ c|Qyl,
J J

Let p = m<ax|{j € NIQ; N Q; # 0} from the estimate (5-1) and the

above, [ |

pl{ € Biplo(x) > T(@)~Cd2}| > 3 [{x € 4VdQ,lu(x) > T(x)-CE}| > Y clQ) > &

In particular since p does not depend on the original cover we obtain an uniform
bound: )
¢
{z € Biplv(z) > T(z) — Cd3}| > p =:¢>0,

recalling the definition of v we may rewrite the above as

{z € Bipplo(x) —u(z) > T(z) = Cdj}| = c,

Defining M as the supremum of ¢ over the ball of radius 1/2 and recalling

that d; < py and that I' is positive we conclude
{x € Bualule) < Mo+ Cpl}| = .

choosing M = max (1, My + Cp3).

Definition 5.8 Let Q; be the unit cube in R?. We split this cube into 2¢ cubes
of half side. We do the same thing with each of these 2% cubes, and we iterate

this process. The cubes obtained this way are called dyadic cubes.

Definition 5.9 If Q is a dyadic cube different from Q1, we say that Q is the
predecessor of Q if Q is one of the 2% cubes generated by splitting Q.
Lemma 5.10 Let A C B C Q1 be measurable sets and 0 < § < 1 such that

- Al <0

~ If Q is a dyadic cube such that |ANQ| > §|Q|, then Q C B.
Then |A] < §|B|.
Proof: 1t is clear that

|Q1ﬂ41| |A|
- = = <
1T Al <0
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Now, we proceed dividing @Q; into 2¢ dyadic cubes. At least one of those smaller

cubes () satisfies
QN A

Q
We then divide @ into 2¢ dyadic cubes and iterate the process. In this way we

<5

produce a sequence of cubes Q' such that

Q' N Al .
——— >, Vi e N.
|’

Suppose that z ¢ UQ?, then there exist a family of closed dyadic cubes @, with

sides tending to zero, but still satisfy

QN A

<)< 1.

Applying the Lebesgue differentiation theorem we obtain that xy4(z) < <1
for almost every x outside the union UQ". This of course implies thatA C UQ"
except for a set of null measure. Consider Q; the family of predecessors of
the cubes @ and extract a disjoint sub collection that still covers the original
family {Q’}. From the choice of Q' we obtain

@nAl _

<5, VieN
@'l

The above fact implies that Q' is in fact a subset of B, hence
AclJ' clJ@: cB
Estimating the measure of the above sets give us

A < IUQINAI < |UQiNnA =3 |Qin Al <6> Qi <4|B|.

Lemma 5.11 Let u be as in lemma (5.6). Then
{u> MY NQi < (1-pf
for k € N where, M and p are as in 5.6. As a consequence, we have that
Hu>t}NQq| < dt™= vt > 0.

where d and € are universal positive constants.
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Proof: We will prove the result using strong induction. For £ = 1, the above
result is the same as (5.6). Suppose we are able to establish the result for k—1,
define the sets

A={u>MYNQ, B={u>M"1}nQ,.
It suffices to show that |A| < (1 — u)|B|. Since M > 1 it follows
Al <Hu>Min@ [ <1—-p

In view of lemma 5.10 it suffices to prove that if () is a dyadic cube such that

|IANQ| > 6|Q|, then Q C B. In fact, let Q = 27'Q; (o) be a dyadic cube such
that |[A N Q| > 6|Q| and suppose in order to obtain a contradiction that Q is

not contained in B, therefore exists a point # € Q such that
u(i) < ML

Consider now the function defined as

v(r) = k-1

Clearly v is positive in the whole R, also

infy-ig, ey w(®) _ u(Z)

161513fv(x) - ME-1 < ME-1 =1,
wnd M u(zo + 5)
— UlTo T 57
M u(x) = Mk—12i02 < &g

Therefore by lemma 5.6 we obtain
p < {o(z) < My Q| =2"{u(z) < M*} N Q|

The above is a clear contradiction with the fact that [AN Q| > (1 — p)|Q A

Lemma 5.12 Let u > 0 in Rd,u(()) <1, and M u < g9 in By. Assume
o> 09>0. Then

{u>tINB| <Ct=  Vt>0.

where the constant C' and € are dependent on X\, A, d, andoy.

Scaling the above theorem, we obtain the more general formulation
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Lemma 5.13 Let u > 0 in R? and M~ u < Cy in Bsy,. Assume o > oo > 0.
Then
{u >t} N By| < Cri(u(0) + Cor®)et™= V¢ > 0.

where the constants C' and ¢ are dependent on X\, A,d, and oy.
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6

Harnack Inequality

The Harnack Inequality, named after Carl Gustav Axel von Harnack,
first appeared in the context of harmonic functions in the plane and much
later became a fundamental tool in the general theory of harmonic functions
and PDE’s as a whole. At a first glance, this inequality states that the value
of a sub and super solution is bound by the value of the function on a point, a
more careful use of this kind of inequality generally produces a proof of Holder

regularity of solutions of elliptic problems.

Theorem 6.1 Let u > 0 in R, M~u < Cy, and Mtu > —Cy in By. Assume
o> 09> 0. Then u(x) < C(u(0) 4+ Cy) for every x € Bys.

Proof: We may start simplifying the problem by considering @ as u/(u(0)+Cp),
and prove the result for @ assuming u(0) < 1,Cy = 1. Let v = g, where € is

the one given by lemma 5.13. Let suppose that for some t, € R
u(z) < to(l—||z||)™” Va € By.

Let t be the smallest value of ¢y such that the above inequality is valid, i.e,

(u(w) <t(1 —lal)) 7 Vo € Bi) A (Ve <t 3my € By u(a) > ti(1 — ||aa])) )

(6-1)
As a consequence of the minimality of ¢ there must be a point zy in By such

that u(zg) = (1 — ||xo)||) ™7, otherwise we could make ¢ smaller and still have
a valid inequality which in turn would contradict the definition of ¢. Denote
by D the distance between z, to dB; and consider the set A = {u > u(x¢)/2}.
By the L* estimates in 5.13 we may obtain the bound

£

< Ct=D".

|Amanc|

u(zo)

Let r = D/2 therefore B,(xg) C By and |B,(zo)] = CD? so if t is big the
above inequality would imply that A could not intersect a big part of B, (zy),

or in other words,

[{u > u(0)/2} N Byr(ay)

< Ct*|B)| (6-2)
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Let # > 0 small such that By,.(xg) C Bj. For every point inside By, ()

we have

1—
1—||x||21—|x0|—0r:D(1—2)2D29

v

- 1-6\~
(1= llel)™ < (D*5°)
By inequality 6-1, we then obtain

— 1-6\" 1—-0\"
u(z) < (1 — |2l < (02) < ulzo) (2>

whenever z € By,(zo). In view of the previous inequality we proceed defining

the function -
9 v
v(z) = (1 - 2) u(zg) — u(z).

At a first glance we would be tempted to apply the £ inequality as in lemma
(5.13) to the function v. Unfortunately, v is a priori only positive in By, (zo).
The solution for this quandary is considering the function w(z) = v(x)* and
incorporating the truncation error into the right-hand side. In the next few
pages, we will go through a series of delicate estimates in order to derive the

result. We proceed by estimating M~ w(z), for x € Bgr(%)-

Mw(z) =2(2 - ) [AATED w(@)*w—’dﬁgww +y) —w(x)~dy

Rd

We first start by splitting our domain in two,

Aw(z +y) —w(@)" = Mw(z +y) —w(z))"dy
|y[dte

M w(z) =2(2 —0)
RiN{v(z+y)<0}
Aw(z +y) —w(@)" — Mw(r +y) —w(z)"dy
|y|d+0

+

2(2 —0)

RiN{v(z+y)>0}
Rewriting the definion of w,
AvT(z+y) —v'(@)" — A (z +y) —v(x) " dy

M w(zx) =2(2 — o) / = +

Rin{v(z+y)<0}
At (z+y) — v (@)" — A" (z+y) —v(x)dy

2(2—o0)
ly|dte

RéN{v(z+y)>0}
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Since v + (z + y) is null over the set R N {v(z +y) < 0}

Moue)=22-0) [ AETEEAETE) A,

RiN{v(z+y)<0}
Av(z +y) —vt(z)" — Alv(z +y) —v'(z)) dy
|y|d+0

2(2—o0)
RIN{v(x+y)>0}

Proceeding by summing and subtracting the quantity,

Av(z +y) —v(@)" = Aoz +y) —v(@))"dy

RIN{w(z+y)<0}

we may rewrite the above as

M*w(ac) :2(2 . O') / /\(_UJF(:E))JF B A(—U+<$))7dy _

|y|d+0

Rin{v(z+y)<0}
Aw(z +y) —v(@)" — Ao +y) — o)) dy
’y’d+o‘

2(2 — o) +

RiN{v(z+y)<0}
Av(z +y) —v(@)" — Alv(z +y) —v(z) " dy

2(2 - o) / [y| T+ +

Rin{v(z+y)<0}
Aw(z +y) — o™ (2))" = Alv(z +y) — v (2))"dy

2(2—o0)
y|dte

RIN{v(z+y)>0}

Since the last sum may be majored by M~ v(x),

A(=v" ()" = A(=v"(z))"dy
|y|d+cr

M w(z) <2(2 —0)
RéN{v(z+y)<0}
Az +y) —v(@)" — Av(z+y) —v(z))"d
|y[d+o

22 — o) Y4 Mu(a)

RiN{v(z+y)<0}

also it follows from the fact that M*u > 1, that M~v < 1 in particular,

M w(z) <1422 —0) / A<7v+(z)>+|yf‘dA+<;v+<x>)—dy _
Rin{v(z+y)<0}
v(x —v(z))tT—A(v(z —v(x))™
22 — o) Av(@ty)—v() \y|£+(a( +y)—v(z))~ dy

Rin{v(z+y)<0}
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Recalling the identity (—v*)" = v~ and (—v)~ = v™ and discarding the

negative terms we may simplify the above as

AT () = (v(z +y) —v(x))")dy
|y|d+e

M w(z) <1+2(2—0)
ReN{v(z+y)<0}

Since v(z + y) is negative on the domain of integration it follows that
A" (z) = (v(z +y) —v(x))7) < —Av(z +),

and as such

—Av(z + y)dy

M w(z) <1+2(2-0) [

RIN{v(z-+y)<0}

Due to the fact that the integrand is a positive function, we may write

A(—v(z +y))"dy

M w(z) <1+2(2-0) T

Rin{v(z+y)<0}

Since the integrand is a positive function over R? the above integral

increases if we exchange our domain for a bigger one, so

A(—v(z +y))"dy

M w(z) <1+4+2(2—0) e

R4\ By, /2(z0o—2)

Rewriting in terms of u, we obtain

(w(z +y) — (1= ) u(xo))*dy
ly|dte

M w(z) <1+2(2—0) /’ A

R4\ By,./2(z0o—x)

We may not only use the fact that u is a positive function in order
to obtain a bound here. In order to continue our estimates, let us consider
the function g,(z) = 7(1 — |[4z|*)*. There exists a maximum value of ¢ such
that u > g;, in particular this implies that for some z; € B/, we have
u(zy) = gi(x1), also, t cannot be greater than 1 since 1 = u(0) > ¢,(0) = t.
Thus,

/5(uaxlay)_dy </5(gt)x17y)_dy:/5(gtax17y)_dy < C

d+ d+ d+
A P ] P ]
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for a bound C which is independent of . Since M~ u(z;) < 1 we obtain

(SU,J],er _ A(Su,l‘,yi -
(2—0)/(|y|d1+a)dy§/\1 (z—a)/deM wa) | < C.

R4 R4

Also,

O(u, x1,y)" (w(z1+y) —2)F
C-o) [Soilay<2-0) [ P
Rd Rd Y
In the above we used the fact that u(x;) < 1 and that since u is a positive
function, u(z —y) > 0. Notice now, that we may suppose that u(z) is greater

than 2, if that was not the case, we would have:
2 > u(xo) = he(xo) = (1 — |zol) ™7,
which in turn would imply
t < 2(1 = [xol)7,

and we would finish the proof. So, assuming that u(zy) > 2 we may conclude
that

J’_
u(zy +y) — (1 — ) u(x —9)*
(2-0) [ (e +9) = . ) 4y < (00) WD =2 4y < 0
o i o ||
where we used the fact that u(zg) > 2 implies (1 — %) u(zo) > 2. And with
the above estimate we are finally able to bound M~ w(z). Recall that,

(u(z +y) — (1= §)Tu(xo))*dy
[y]&+e

M w(z) <1+2(2—0) / A

R4\ By, /2(z0o—x)

If we rewrite the above inequality we obtain that M ~w(x) is less than or equal
to:

(W +z+y—z1) — (1= ) (o)™ |y + x — 3|9+
ly + 2 — zy|dte |y|dte

142(2—0) / A

R4\ By, /2(z0—x)

Notice that since x € By,(x9) we have that for some £ < 1, |v — 2| = 6%7",
therefore By, C By/2(x — x9) whenever n < 1 — {/2. This follows from the
computation: Let z € By, then |z —zo — 2| < |z — xo| + |2| < & +nor < &
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Hence we may estimate the value of M~ w(x) being less than or equal to:,

1+ 1/6> K / el oty —m) - (1= g)ﬂ“(“)ﬁdy

nér ly + x — xq|4te

142(2—0) (

R4\ By, /2(z0o—2)

Doing a change of variables z = y + x — x;, we obtain:

(u(z1 +2) — (1= §)"u(xo))*

d+o
M w(z) < 142(2—0) (1 + 1/6> / A

7797/- ’zldJrU
R\ By,. /o (w0 —1)

where the last is integral is bounded due to the last calculations, hence for

small r,

M w(z) < O(@r)~*.

[l (-3

Applying lemma (5.13) to a translated version of the function w, we obtain,

Hw > u(xo) <<1 - g)—'y — ;)} N Boyrja(xo)

|{u < u(20)/2} 0 Borjagan)

<

(5" (-

N

C (‘i{)d (((1 -9 - 1)5 + 9;“) .

Now, choosing 6 sufficiently close to 0, and then, ¢ sufficiently large we would

d —y €
() (- ) =de

d —de
C (0;) <6t5 ) < i’B€r/4‘-

This in turn would imply that

obtain:

and,

< ; ‘Ber/4’

|{u < u(x0)/2} N Boryagany)
But for ¢ sufficiently large would imply then that

> c|By|

[{u > u(20)/2} N Bora(ao)

And that is a direct contradiction with the bound in (6-2). |

dz

)7 =)+ o (5 (st (1=8)7-1) <
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7
Holder Estimates

With the results previously proven we will produce a regularity result, in
particular we are going to demonstrate how any bounded function, whose Pucci
extremal operators are also uniformly bounded in By must be an alpha-Holder

continuous function at the origin.

Lemma 7.1 Let 0 > 09 > 0. Let u be a function such that

—1/2 <u<1/2 in R4,
M+U Z —&p m Bl,

M u <¢gyin By;

Proof: The idea behind the proof is that we will create two sequences my, My,
such that

me < u < Mg in By,

My, — my, = 4~ for some positive a.

If we create such a pair of sequences then given x in a neighborhood of the
origin, then for some natural number k we would have © € B,x,x ¢ By—&-1,

hence,

— u(()) < M, —my = gk < 4a|:1:\°‘
u(r) —u(0) > my — My = —47°% > —49|g|*

This of course gives
|u(z) — u(0)] < 4%[x|*

as desired, and we would finish the proof, therefore it only remains to construct
these sequences, we will proceed by induction. For £ = 0 we may set
My = 1/2 and my = —1/2. Suppose we have created our pair of sequences
up to my, My, we will now show that it is possible to construct the next

elements my, 1, Mj.1. Notice that in B,-x-1 the function w is either greater
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or smaller than the average of M, m; for at least half of the space, in a
{w > %M’“} N By-k-1| > %‘ By-x-1] or

> %] B,-r-1]. Let us suppose that the first case is

measure sense. In other words either
fw < metil 0 B,

true. Define the function

u(47*x) —my
—o - Tk
v(x) Y7
Due to the inductive hypothesis v > 0 in By, since my < u in B,—«, also it
follows from v > 1 implies u(4*z) > ™FMe that ‘{v > 11N Bl/4‘ > 2 ‘ 31/4‘ :

We proceed by estimating M~ v(x).

_ 47 M-u(47Fz)  2e047F0
= <
M) = G T2 S ek S

280

if we choose o < 0. Let j be a positive integer smaller than k. Then for every

. My — M -
v(z) > oIMh—j = Mk, o ks b+ Mg — M

> 2(1 —4%).
- Mk—mk - Mk—mk - ( )

Hence, for x outside By |,
v(z) > =2(|4z|* = 1).

Let w = v™, then as in the proof of theorem (6.1) we obtain, for z € By, o
small enough.
M w(z) < M v(z) + 2.

Let z be an arbitrary point in By/4. Applying lemma (5.13) to a translated

version of w, we obtain:
’{’LU > 1} N Bl/Q(Z)’ < C(’LU(Z) + 250)8.
Notice that By C Bija(2) C Bs4, therefore
1
{w> 1} N Bija(z)| > {w > 1} N Bija| = [{v > 1} 0 Byyu| > 5 | Bij|-

Combining the two inequalities above we conclude

1 &€

5 | Bij| < Clw(2) + 220)".

Now, if gy is small enough we conclude that w is a uniformly positive function

in B4, i.e, exists some § > 0 such that w(x) > 0 > 0 for every x € By 4. Now
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it only remains to define My, = My and myy = my + 0(M — my)/2 and
verify that this choice satisfies our requirements. Observe that w(z) > 6 > 0

for every x € By /4 implies that w(z) = v(x) for every x € By 4.

u(47*x) —my > 9

> 0 in By, impli
v(z) > 6 in B4 implies O — )2 =

hence for x € B4,
U(47k.fll') 2 0<Mk — mk)/2 + mp = MEkt1

Or in other words u > my.1 in By-p.1. The upper bound is directly from the
hypothesis since My = My > u. To finish the construction we choose «;, # small
enough such that (1 — g) = 4% Thus, Mgy1 — mgy1 = 4=+ Tf we had at
the start supposed that Hw < %M’“} N By-k-1| > 1| By-r—1| we would still

be able to follow the same general idea just changing our function v for

o) = My, — u(47"z)
(Mg —my) /2

end using the bound MTu > —¢,. [ ]

Theorem 7.2 Let 0 > oq > 0. Let u be a bounded function in R? such that

MJrU Z _CO m Bl,
M u<Cy in By

then there is an o = a(X, A, d, 09) > 0 such that u € C*(By2) and
[ulea(s, ) < Clsup fu] + Co)
R

for a positive constant C.

Proof: The result will follow straightly from a scaling argument. Let xy be an

arbitrary point in B;/, Consider the function

min(1, )

v(z) = u(z/2 + x0>2max(coa |ufo0)

An easy calculation shows.

min(1, &) min(1,&g)

()| < |u(z/2 + 0)] < Jul <3
B I o0 2max(Co, |ufo) ~ UOOQmaX(Cojlu‘OO) m 2
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also for x € By,

) - min(1, ep) min(1, &)
=M 2
M) = M2+ 20 g (Co, ) = P Zma(Coy Jelo)
and analogously,
in(1, &) min(1, &)
M — Mt 2 min{1, & - ’
v(x) u(@/2+ 20l 5o max(Co, [uloe) = " 2max(Co, [uls) =

Hence, we may apply the previous lemma to v and obtain:
[v(z) —0(0)] < Clz[*

but equivalently we may write

min(1, &g)

lu(z/2 + xo) — u(xo)] < Clx|®

2 max(Co, |t]so)
therefore, since x is arbitrary we obtain

2max(Cy, |u|so)
min(1,e)

ulen(, ) < +Jule < Clsup Ju] + Co)
R

o1

0.

—&y.
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