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Advisor: Prof. Carla Göbel Burlamaqui de Mello

Rio de Janeiro
September 2015

DBD
PUC-Rio - Certificação Digital Nº 1122072/CA
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nunca permitirme ser conformista. A mis bellas tias, Soledad y Lourdes, por

su enorme corazón y porque siempre estuvieron presentes cuando yo necesitaba

una mano piadosa que me ayudase a levantarme. A mis hermanos maternos y

paternos, a todos los amo por igual. A los miembros de mi familia en general,

son tantos que resulta inviable mencionarlos a todos.

A mis amigos de Honduras, a Segisfredo Infante – presente siempre,

cuando la hora del poema se aproxima, con sus consejos, sus libros y su

particular visión enmedio de la bruma de nuestros tiempos –, Abraham

Corleone – y a la pandilla del “Cubil Felino”, por el maizal, por el tabaco y por

las innumerables e interesantes horas de conversación – y a Baltazar Alvarado

– y todos sus hermanos, por los consejos, por las bromas y la complicidad –,

gracias a todos por la amistad a prueba de balas y por mantener viva la llama

de la amistad a pesar de la distancia y de los medios de incomunicación.
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Abstract

Molina Rodriguez, Josué Danilo; Göbel Burlamaqui de Mello, Carla.
Amplitude analysis of the decay D+ → π−π+π+ in the LHCb
experiment. Rio de Janeiro, 2015. 124p. PhD Thesis — Departamento
de F́ısica, Pontif́ıcia Universidade Católica do Rio de Janeiro.

This thesis is dedicated to the study of the resonant structure of the D+→
π−π+π+ decay mode using Dalitz plot analysis in a data sample corresponding

to an integrated luminosity of 2.0 fb−1 of proton–proton collisions at 8 TeV

recorded by the LHCb detector during 2012. The Dalitz Plot Analysis is a

unique tool to investigate the spectroscopy of light mesons. In particular for

the scalar sector there are a few π−π+ resonances, such as the σ(500), f0(980)
and higher mass f0 states which are not well understood, with properties

poorly known. The study of the Dalitz plot through and amplitude analysis is

performed for about 600 thousand events of D+→ π−π+π+ with two techniques.

We first use the so-called Isobar Model, where the final state is described as a

coherent sum of quasi two-body states. Within this formalism we find that the

Dalitz plot is well represented by a combination of seven quasi-two-body decay

channels, which are the σ(500) , ρ(770)0, f0(980), f2(1250), f0(1370), ρ(1450)0
and f0(1500) resonances in the π+π− system as well as a nonresonant (NR)

component. Then a Model Independent Partial Wave Analysis (MI-PWA) to

measure the S-wave component on the π+π− system is also implemented for

the first time on this channel. We show that D+→ π−π+π+ decay is dominated

by the S-wave structure.

Keywords
Particle Physics; Dalitz Plot Analysis; CP Violation; Isobar

Model; Partial Wave Analysis; Amplitude Analysis; LHCb.
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Resumo

Molina Rodriguez, Josué Danilo; Göbel Burlamaqui de Mello, Carla.
Análise de amplitudes do decaimento D+ → π−π+π+ no
experimento LHCb. Rio de Janeiro, 2015. 124p. Tese de Douto-
rado — Departamento de F́ısica, Pontif́ıcia Universidade Católica do
Rio de Janeiro.

Esta tese é dedicada ao estudo da estrutura ressonante do decaimento

D+→ π−π+π+ usando análise de Dalitz plot em uma amostra de dados corres-

pondente a uma luminosidade integrada de 2.0 fb−1 de colisões próton-próton

a 8 TeV coletadas pelo detector LHCb. A Análise de Dalitz Plot é uma ferra-

menta única para investigar a espectroscopia de mésons leves. Em particular,

no setor escalar, existem algumas resonâncias π− π+, como σ(500), f0(980) e

estados f0 de maior masssa, que não são bem compreendidos, com propriedades

pouco conhecidas. O estudo do Dalitz plot através da análise de amplitudes é

realizado com aproximadamente 600 mil eventos de D → π−π+π+ usando duas

técnicas. Primeiro, usamos o Modelo Isobárico, onde o estado final é definido

como uma soma coerente de estados de quasi-dois corpos. Dentro desse for-

malismo, encontra-se que o Dalitz plot é bem representado pela combinação

de sete canais quasi-dos corpos, que são σ(500)π+ , ρ(770)0π+, f0(980)π+,

f2(1250)π+, f0(1370)π+, ρ(1450)0π+ e f0(1500)π+, bem como uma compo-

nente não-ressonante (NR). Então, uma análise de ondas parciais modelo-

independente para medir a componente da onda-S no sistema π−π+ é im-

plementada pela primeira vez para este canal. Mostramos que o decaimento

D+→ π−π+π+ é dominado pela estrutura da onda-S.

Palavras–chave
F́ısica de Part́ıculas; Análise de Dalitz plot; Violação CP; Modelo

Isobárico; Análise de Ondas Parciais; Análise de Amplitudes; LHCb.
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1

Introduction

“The object of knowledge is what exists

and its function to know about reality”.

A deep look at the scientific foundations of nature is always an open door

to new challenges that can lead us to magical moments of inner transformation.

The scientist begins to live an unique experience, full of new questions that

permeate daily life. After all, we are simply curious creatures asking questions

that lead us to deeper issues. What is the nature of time? What interactions

were present in the early universe? What is the universe and why it is composed

of matter rather than antimatter? What, indeed, are the ultimate constituents

of matter? And obviously, what is the nature of ultimate reality? Most of us

have echoes from these questions constantly hammering in our heads. The

merely act of asking these kind of questions has led mankind to build from

scratch a set of thoughts, allowing us to clarify our position in the universe,

but in turn, the light on such issues has provided us darker questions which we

also seek the way to answer. The above quoted philosopher1 stated that the

object of knowledge, was not the real reality, because that was in the Form, so

we must observe the object in order to figure out what the Form is.

Despite the immaterial case2, if ultimate reality is composed of matter

and energy, the particle physicists have constructed a reliable method to bring

our particular view of nature. This method involves mathematically consistent

formulations or statements of proposed facts along with asseverations about

relationships between the facts, in the form of physical laws called the Standard

Model, which is subject to criticism and testing by observation and experiment.

As this is the most consistent theory explaining the known forces of nature,

keeping intact its principles after many experiments, it has earned the right

to be given the task of explaining the status of the “actual facts”, or in better

words if you wish, to explain reality.

The Standard Model [1–3] of particle physics is a gauge quantum field

theory representing the synthesis of our current understanding of elementary

particles and fundamental processes in nature, owing its outstanding success

1Plato, 428/427 or 424/423 BC
2Some philosophers may argue that our perceptions of the world around us cannot be

knowledge. Immaterial reality then pertains to what is not constrained by physical laws, i.e.
concepts such as mind and Forms.
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to both profound theoretical insights and singular experimental research. It

describes the dynamics of particles under the influence of the strong, weak and

electromagnetic forces. The last two are described by a unified ElectroWeak

theory, while the strong interaction is described by Quantum Chromodynamics

(QCD)

With the prediction of the existence of the Higgs Boson which was

observed recently by experiments at the CERN Large Hadron Collider (LHC)

in 2012 [4,5], the unified electro-weak theory reached one of its biggest triumphs

and highest peak of success in the road to describe what we think is the reality

in nature. Nonetheless, various aspects of the Standard Model remain relatively

poorly delimited by experiments, giving space to unanswered questions in

different fields, prominent among CP violation3, one of such main questions

regarding the nature of matter was quoted above, which may be answered from

the study of hadron spectra.

Nonetheless, various aspects of the Standard Model remain relatively

poorly constrained by experiment, prominent among which is the precise

nature of CP violation.

QCD was developed 50 years ago. It is formulated in analogy to quantum

electrodynamics (QED), with quarks that carry a color charge, and gluons

which mediate the force between the quarks, as degrees of freedom. However,

important differences with respect to QED prevent the deduction of the

hadron spectrum from QCD. First of all, it is a non-abelian gauge theory,

which manifests itself in the color charge of the gluons and their ability to

interact among themselves. In this domain, the quarks and gluons are confined

into color-neutral hadrons, which are the relevant degrees of freedom. Precise

knowledge of the hadron spectrum is therefore essential in order to understand

the strong interaction at low energies.

The hadronic decays of charmed particles have special characteristics

that make them excellent laboratories for light quarks spectroscopy studies.

The advantages of charm decays are many: always well defined initial state,

with small non-resonant component which facilitates scalars identification; the

fact of continuously covering the π+π− mass spectrum till ∼2 GeV, which is

known to be a semi-perturbative region. As we know, non-perturbative effects

represent one of the major difficulties on the strong interactions studies. In this

3Although the Standard Model is compatible with CP violation in all observed hadron
transitions, there are reasons to believe that there may exist new physics effects associated
with CP violation in the decays of B, D mesons which are incompatible with the Standard
Model that might be observed at a previously inaccessible energy scale. As noted by
Sakharov [6], CP violation is required for baryogenesis under the Big Bang model of the
universe, yet the CP violation allowed under the Standard Model is not sufficient to explain
the matter-antimatter asymmetry observed in the universe today.

DBD
PUC-Rio - Certificação Digital Nº 1122072/CA



Amplitude analysis of the decay D+→ π−π+π+ in the LHCb experiment 17

sense, these particles, especially through its weak hadronic decays, represent

a great testing ground for the study of weak interactions in the presence of

strong interactions, as stated by the Constituent Quark Model (QCM), which

has been very successful in describing the hadron spectrum and the description

of the pseudo-scalars, vectorial and tensorial mesons nonet. Meanwhile, there

is still no consensus with respect to the scalar mesons, as there are more states

than the scalar nonet predicted by the quark model.

Light mesons can be studied by decays of heavy mesons to light hadronic

states (intermediary resonances), decaying such resonances predominately into

two bodies. Therefore, the observed final state may be the product of a decay

chain where the produced resonances decay by strong interactions.

Since this thesis is concerned with the study of D meson decays into three

charged pions, in addition to what was said in this chapter, in the next chapter

we summarize a theoretical overview of selected topics in order to establish the

importance of Dalitz Plot analysis of D+ → π−π+π+, starting from a general

overview of the principles of hadronic decays of D meson, until the review of

the full Dalitz plot analysis techniques.

On Chapters 3 and 4 we explain the main experimental related concepts,

first we show a general overview of the LHCb detector and then we review the

steps followed, with ∼ 2 fb−1 of data collected in 2012, in order to obtain the

final sample prior to perform the Dalitz plot analysis, described in Chapter 5,

with results shown in Chapter 6.

Conclusions from the main results and perspectives are presented in

Chapter 7.
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2

Phenomenology of Hadronic 3-Body Decays of D Mesons

This chapter describes the general aspects of non-leptonic decays of D

mesons. These decays are quite difficult to be treated theoretically due to the

presence of strong interactions with the weak interaction responsible for the

decay itself.

We shall see how the hadronic 3-body decays, despite its complexity, can

be studied using an important technique called Dalitz Plot Analysis.

As we know, the Standard Model describes with great success the weak

interactions between elementary particles through the exchange of mediators

bosons (W ±, Z0). In disintegrations of free quark wheremq ≪mW (low energies

compared to the W ± mass), we can write the effective amplitude as a current

product as follows:
A = 4GF√

2
V q1q2Vq3q4J

µJµ , (2-1)

where Vqq′ are the elements of the Cabibbo-Kobayashi-Maskawa (CKM)

matrix [7, 8] and GF is the Fermi constant [9].

Nevertheless, the Standard Model can not adequately describe the weak

interactions between composite particles (mesons and baryons) due to the

presence of the strong interaction.

2.1
Charmed Mesons

Mesons are grouped into scalar, pseudo scalar, vector, axial vector and

so on, according to their quantum numbers JPC , being J = L + S the total

angular momentum, L the orbital angular momentum and the total spin S of

the q1q̄2 pair. P and C are the eigenvalues of parity and charge conjugation.

All mesons are unstable: they decay by strong, weak or electromagnetic

interaction depending on their characteristics, and most of their masses come

from binding energy and not from the mass sum of its constituents. One

particular case of study are the charmed mesons.

According to the Standard Model, the c quark decays weakly1 into an s

or a d quark by the exchange of a virtual boson W +. This type of decay cq̄ can

be represented according to some of the annihilation diagrams, W ± exchange

or quark mixing (just for the neutral D0).

1Known as flavour change.
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In the annihilation diagram the c quark interacts with an initial antiquark

annihilating and producing a boson W ± which soon produces a leptonic or

hadronic pair. In theW ± exchange diagram, quarks of the initial state exchange

a boson W ± and suppress each other. The mixing diagram is the double

exchange of bosons and are very suppressed with respect to the previous

diagrams.

The so-called external spectator diagram can couple the boson W ± both

to a pair of leptons in semileptonic decay, or to a quark-antiquark pair in a

hadronic decay in which the initial light quark behaves as spectator.

In the internal spectator diagram there exists no freedom in the choice

of color, so the W can only couple to a quark-antiquark pair to hadronize

and remain neutral in color, for this reason is called color suppressed. Penguin

diagram involves strong interaction and considers virtual quarks loops in which

the boson W ± is reabsorbed in the same line of quark from which it was emited.

Figure 2.1, shows the basic processes described above; whereas in Fig-

ure 2.2 it is shown the loop process for a c quark in a flavor exchange c→ uq̄q,

a transition that is possible only by means of a penguin diagram, emitting

a gluon which soon emits a quark-antiquark pair. These types of processes

are of great interest because it is known that they can be especially sensit-

ive to new physics effects. In our case we study the meson D+(1869) = (cd̄)
decaying into three pions.2 Figure 2.3 shows the Feynman diagrams for the

D+→ π−π+π+ decay in which the final state can be reached either via tree or

penguin contributions.

2In the expresion D+(1869) the value 1869 represents the D+ meson mass in MeV/c2
(c = 1 in natural units).
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Figure 2.1: Feynman diagrams for the charmed mesons decays. (a) and (b)
are external and internal spectator diagrams, respectively. (c) and (d) in turn
show the annihilation diagrams cq̄ and boson exchange. The case in which the
charmed meson makes a transition through a penguin is represented in (e),
and the quark mixing diagram is represented by (f).

Figure 2.2: Detail of penguin diagram for the charm quark decay. The possible
transitions in the loop are c → d, c → s and c → b each of them with
the corresponding transition amplitude ∣Vcq ∣. However, the final transition
probability is given by the expression ∣Vcq ∣∣Vqu∣, which makes this quantity
negligible in some cases. The gluon emitted from the loop produces a quark-
antiquark pair which then form bound states with other quarks.
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Figure 2.3: Tree and penguin diagrams for D+→ π−π+π+ decay. Left, the decay
as a tree diagram by external emission of W + boson. Right we have the same
final state via the penguin contribution.
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2.2
Kinematics of 3-Body Decays

In this section we shall describe general fundamentals of kinematics and

dynamics of non-leptonic decays of D mesons into a three body final state.

Consider the decay of a spinless particle with mass M into three spinless

particles with masses m1, m2 e m3. Let us denote its 4−momenta as P , p1, p2

and p3, respectively.

P → p1 + p2 + p3 (2-2)

To describe this decay there are in principle 9 degrees of freedom

(from the three tri-momenta of the particles in the final state). There are

four equations of energy-momentum conservation and, in the case of spinless

particles, the decay is isotropic (in the rest frame of the decaying particle),

thus the final state cannot be dependent on the three angles that describe the

orientation. The set of available configurations for any array of kinematics

variables is called phase space. These conditions define a surface, having

dimension 2 in our case, which means that we only need two independent

variables to describe the process.

Momentum-Energy conservation3 demands

P µ = pµ1 + p
µ
2 + p

µ
3 . (2-3)

We define the following invariants:

s = P 2 =M2 , (2-4)

s23 = (P − p1)2 = (p2 + p3)2 , (2-5)

s13 = (P − p2)2 = (p3 + p1)2 , (2-6)

s12 = (P − p3)2 = (p1 + p2)2 . (2-7)

Equations together with Eq. (2-3) lead to

s23 + s31 + s12 =M2 +m2
1 +m2

2 +m2
3 . (2-8)

The invariants Sij from Eqs. (2-6) to (2-7) represent the square of the

invariant masses, mij =
√
sij, of the sub-system formed by particles i and j.

3 We use natural units system, in which h̵ = 1.
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2.3
Dalitz Plot

Consider the decay process in the rest frame of the mother particle (CM).

From Eq. (2-6) we have:

s23 =M2 +m2
1 − 2ME1 . (2-9)

However, knowing that

E1 =
√
m2

1 + p21 ≥m1 , (2-10)

we see that s23 will be maximum if E1 is minimum, i.e. when E1 =m1:

s23,max =M2 +m2
1 − 2Mm1 = (M −m1)2 . (2-11)

To find the minimum value of s23 we calculate in the CM frame of the (2,3)

ensemble. There, we clearly see:

s23 = (p2 + p3)2 = (E1 +E3)2 ≥ (m2 +m3)2 . (2-12)

Therefore, and considering that p⃗2 = −p⃗3 in this frame

s23,min = (m2 +m3)2 . (2-13)

Analogously for the other subsystems, we have the following kinematic

limits:

s23 ∈ [(m2 +m3)2, (M −m1)2] , (2-14)

s13 ∈ [(m3 +m1)2, (M −m2)2] , (2-15)

s12 ∈ [(m1 +m2)2, (M −m3)2] . (2-16)

As we have only two independent variables, each observed event of the

process P → p1 + p2 + p3 is represented by a point in the two-dimensional

phase space which describes the decay. If two of these variables are used, the

generated phase space is known as Dalitz Plot.

When imposing Eq. (2-8) condition to Eq. (2-14), Eq. (2-15) and Eq. (2-

16), we obtain the minimum and maximum values that e.g. s13 can have, given

s12. We find:
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s13± =m2
1 +m2

3 +
1

2
√
s12

[(s12 − s +m2
3)(s12 +m2

1 −m2
2) (2-17)

±λ1/2(s12, s,m2
3)λ1/2(s12,m2

1,m
2
2)] ,

where the kinematic triangular function is given by

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2zx . (2-18)

The contour described by Eq. (2-17) is the physical region (phase space) in

which the decay takes place and is defined in terms of any pair of invariants sij,

or in a more general way, it may be defined as a physical region in terms of any

variables related to those of a linear transformation with constant Jacobian.

An example of Dalitz plot is shown in Figure 2.4 for the distribution

corresponding to the invariant squared masses s12 and s23.

Figure 2.4: Dalitz plot limits showing the minimum and maximum configura-
tions for the two-dimensional represented by s12, s23.

In order to understand the limits imposed by the momentum conservation

in the phase space density, consider the integral of the decay rate

Γ = (2π)4
2M ∫ ∣A∣2δ4(P −

3

∑
i=1
pi)

3

∏
i=1

d4pi
2π3

δ (p2i −m2
i ) , (2-19)

where A represents the quantum amplitude of the dinamic process responsible

DBD
PUC-Rio - Certificação Digital Nº 1122072/CA



Amplitude analysis of the decay D+→ π−π+π+ in the LHCb experiment 25

for the decay, and the total moment and Einstein relation of each particle is

defined by the 4-dimensional and 1-dimensional δ-Dirac functions, respectively.

Using the property of δ-Dirac to rewrite d4piδ(p2i −m2
i )

δ[f(x)] = δ(x − x0)
∣ dfdx ∣x0

, (2-20)

we can express the decay rate in the CM reference as:

Γ = 1

2(2π)5M ∫ ∣A∣2δ4(P − p1 − p2 − p3)
dp1
2E1

dp2
2E2

d4p3δ (p23 −m2
3) . (2-21)

Performing some algebraic operations and defining

δc = δ (cos θ12 −
M2 +m2

1 +m2
2 −m2

3 − 2M (E1 +E2) + 2E1E2

2p1p2
) (2-22)

the integral in d4p3 can be trivialy solved to obtain a more compact

expresion for the decay rate

Γ = π2

2(2π)5M ∫ ∣A∣2δcdE1dE2d cos θ12 (2-23)

which can be integrated for the cosine. Using the relations in Eq. (2-5),

Eq. (2-6), Eq. (2-7) and Eq. (2-9), to express the decay rate in terms of Dalitz

variables –where the total 4-moment configuration makes the decay occurs in

a plane, and each event is represented by a point in the two-dimensional phase

space of the system– it can be shown that:

Γ = 1

256π3M3 ∫ ∣A∣2dsijdsjk . (2-24)

With this expresion it is evident that the diferential decay rate is pro-

portional to the squared amplitude:

dΓ

dsijdsjk
∝ ∣A∣2 . (2-25)

In this way, we can expect a complete description of the information

about the dynamics of the decay to be contained in the distribution of the

Dalitz plot.
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2.4
Introduction to Dalitz Plot Analysis

The Dalitz plot (DP) analysis technique has been widely explored as a

tool to study three-body decays. It is particularly interesting for investigating

the presence of resonant structures in quasi two-body states. An interesting

application of the DP analysis is related to the study of charge parity

(CP) violation, which is expressed, for example, by determining different

characteristics for the particle and anti-particle decays. This manifests in

particular when observing different branching ratios for a decay and its charge

conjugated. Since the analysis deals directly with the amplitudes and phases

of each intermediate state, doing such analysis separately for the decay and

its conjugate would allow to study the CP violation: an indication of this

effect would be to obtain different amplitudes and/or phases for particle

and antiparticle. A fascinating application of these ideas is presented in

Appendix A, where we show a model independent search for CP violation

in D+ → π−π+π+ [10], a work that I have contributed in the first half of my

PhD.

2.4.1
Isobar Model

The three-body decays of D meson are generally dominated by resonant

processes in which D meson decays into two bodies, one of them being a

resonance, which then decays by strong interaction, that is, for a D → abc

process the final state abc can be achieved with a contribution from the

intermediate state [11]:

D → rc r → ab D → (ab) c , (2-26)

where r represents a resonant state that hereinafter decays to particles

ab.

In Dalitz plot analysis based on the so-called Isobar Model [12], the

total decay amplitude is represented as the coherent sum of a constant term

(NR) for direct decay into three bodies and every possible resonance amplitude

is commonly expressed as a resonance propagator multiplied by an angular

distribution associated with the spin resonance, and form factors. Thus the

array element of the sum of the partial amplitudes:

A = aNReiδNR +∑
i

aie
iδiAi(s12, s13) . (2-27)
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The quantity ai is the magnitude of the i-th channel and δi is a phase;

then two parameters for each intermediary state parameterize the relative

contribution of each channel.

Ai = Ai(mi, sij) is a function depending on the invariant masses and is

usually described as a product of form factors, angular terms and lineshape

propagators

Ai = FDFr
form factors

× MJ
i

angular fuction

× BW i
lineshape−propagator

(2-28)

being the latter usually a relativistic Breit-Wigner function.

Breit–Wigner Lineshape Propagator

For the resonance mass terms, several forms of dynamic models are

proposed in the literature to parameterize various resonances. The most used

is the Relativistic Breit–Wigner (RBW), which is suitable for narrow, isolated

resonances

BW = 1

m2
0 − sab − im0Γ(√sab)

(2-29)

with

Γ(√sab) = Γ0 (
p∗

p∗0
)
2L+1

m0√
sab

( F
‘
L(z)

F ‘
L(z0)

)
2

(2-30)

L is the quantum number of the angular moment (as the particle decay

into two pseudoscalar particles, the angular moment of the 2-body final state,

L, must equals the resonance’s spin, J), and Γ(√sab) represents the decay

width; p∗ is the decay moment in the resonance frame and p∗0 is p∗ calculated

at nominal mass m0.

In the complex plane, the amplitude follows a circle with radius 0.5

around 0.5i in the anti-clockwise direction. Figure 2.5 shows this so-called

Argand diagram of the complex plane. At the mass of the resonance, the amp-

litude is purely imaginary and the intensity, which is defined as the absolute

value of the amplitude squared, is maximal. Going across the resonance, the

phase of the amplitude varies by 1800 and is 900 at m0 (Figure 2.5).
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Figure 2.5: Argand diagram (right) using Relativistic Breit–Wigner function
for a particle with ρ(770) characteristics (m0, Γ0). At m0 its intensity is
maximal (left), while its phase is 900 (center).

Blatt–Weisskopf barrier factors

FD (Fr) represents the meson form factor according to the Blatt–

Weisskopf parameterization [13], where z = ∣p⃗ ∣ r, represents the barrier factor

in terms of a single parameter, r, the radius of the barrier, which we take to

be 5.0 GeV−1 (1.5 GeV−1), and the momenta ∣p⃗ ∣, on the ij rest frame at mij.

The form of Fr = FD, (Fr), for angular momentum L, is:

Fr(z)L=0 = 1 , (2-31)

Fr(z)L=1 =
√

1 + z20
1 + z2 , (2-32)

Fr(z)L=2 =
√

z40 + 3z20 + 9

z4 + 3z2 + 9
, (2-33)

where z0 represents the value of z when the invariant mass is equal to the pole

mass of the resonance.

Angular Function

The angular dependence MJ
i is described using Zemach tensors formal-

ism [14],

M0
i = 1

M1
i = −2p⃗a ⋅ p⃗c

M2
i =

4

3
[3(p⃗a ⋅ p⃗c )2 − (∣p⃗a ∣∣p⃗c ∣)2]

(2-34)
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Nonresonant term

As the available phase space in the D+ → π−π+π+ decay is small, it is

assumed that the (S-wave) ‘non-resonant” amplitude will have a constant value

over the entire phase space. We parametrize its component using a complex

constant amplitude (i.e. no form factors are introduced).

2.4.2
Resonance lineshapes

So far, we have described the most basic parametrization within the

Isobar Model. Below, we describe alternative lineshapes for the resonant states

that will be used/tested in our studies.

Gounaris–Sakurai lineshape

Strictly speaking, the Breit–Wigner parameterization works well only

in the case of narrow states. The use of the mass-dependent width results

in the amplitude A(√sij) becoming a nonanalytic function. An alternative

parametrization proposed by Gounaris and Sakurai (GS) [15] recovers the

analyticity of the amplitude and provides a better description for broad vector

resonances such as ρ(770) and ρ(1450):

A(√sij) = Aj(m) 1 + d ⋅ Γ0/m0

(m2
0 −m2) + f(m) − im0Γ(m) , (2-35)

where Γ0 is the nominal width of the ρ(770) or ρ(1450) mesons and

M2
ρ (s) =m2

ρ + f(s) were

f(m) = Γ0
m2

0

q30
[ q2 (h(m) − h(m0)) + (m2

0 −m2 ) q20
dh

dm
∣
m0

] ,

h(m) = 2

π

q

m
ln(m + 2q

2mπ

) ,

dh

dm
∣
m0

= h(m0) [(8q20)−1 − (2m2
0)−1] + (2πm2

0)−1 ,

d = f(0)/(Γ0m0) ,

d = 3

π

m2
π

q20
ln(m0 + 2q0

2mπ

) + m0

2π q0
− m

2
πm0

π q30
.

(2-36)
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ρ − ω interference

The interference coming from the phenomenon known as ρ(770)−ω(782)
mixing is tested. To model this effect we use a composed lineshape:

Aρ−ωGS(
√
sij,mρ,Γρ) × (1 + aeiθBW (√sij,mω,Γω)) (2-37)

were Γω is taken as the nominal width of ω(782), and a, θ, are real parameters

obtained from previous measurements on the reaction e+e− → π+π− [16].

Alternative for spin-0 resonances

The use of relativistic Breit–Wigner shapes to describe resonances is

known to fail when there is more than one overlapping amplitude input, or

when there is significant interference with a non-resonant component, since the

sum of the contributions in the isobar model violates unitarity. This constitutes

a problem for the description of broad resonances, and in particular means that

alternative models must be considered for the ππ scalar sector, where there

is known to be a broad (Γ ∼ 500 MeV) contribution from the σ(500) as well

as significant f0(980) and nonresonant (or very broad, or “slowly varying”)

components.

In order to find the best description for data, various lineshapes were

tested; here we briefly outline the different descriptions of those scalars

considered as subjects of model variation.

σ(500) lineshape

In the ππ system, the σ(500) resonance interferes strongly with a non-

resonant (or “slowly varying”) term. The parameterisation of D.V.Bugg [17]

has been used to combine these amplitudes in a physical way:

Aσ(500)(mπ+π−) = ρ(m2
π+π−)

m2
π+π− −m2

A

M2 −m2
π+π−

f(m2
π+π−)e−(

m2
π+π−

−M2

A
). (2-38)

A is the Adler-Weinberg zero [18] term at A ≈M2
K−M2

π/2. Several simple forms

for (m2
π+π−) were tried. Empirically, the best form is (m2

π+π−) = b1 + b2m2
π+π− .

If the lineshape used is a complex pole, the mass and width of σ(500)
are found from the position of the nearest pole in the process amplitude

√
spole =M − iΓ/2 . (2-39)

In the case when using a RBW, the mass (471 ± 21) MeV and width

(534 ± 53) MeV values were taken from Ref. [19].
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f0(980) lineshape

For resonances such as the f0(980)→ π+π− that lie close to the threshold

of another channel (f0(980)→ KK in this case), the effect of the opening of

the second channel must be taken into account, for example, by employing the

Flatte coupled channel form [20],

Af0(980)(mπ+π−) =
1

m2
R −m2

π+π− − imR(gππρππ + gKKρKK) . (2-40)

The coupling constants gππ and gKK are the f0(980) couplings to π+π− and

K+K− final states respectively (0.165 GeV −1, 4.21gππ GeV −1 ). Values of the

mass and width of resonances are in general taken from world averages ( [21]).

The phase-space factors ρ are given by Lorentz-invariant phase space

ρππ = 2

3

¿
ÁÁÀ1 − 4m2

π±

m2
π+π−

+ 1

3

¿
ÁÁÀ1 −

4m2
π0

m2
π+π−

, (2-41)

ρKK = 1

2

¿
ÁÁÀ1 − 4m2

K±

m2
π+π−

+ 1

2

¿
ÁÁÀ1 −

4m2
K0

m2
π+π−

. (2-42)

2.4.3
Remarks on the Isobar Model

The way in which the full amplitude is defined so far is what we know

as Isobar Model, which allows complete access to the informations of the three

body decay (once trusting that this parameterization is acceptable); through

a likelihood fit to the data we obtain values for ai, φi and according to the

probability density function ∣A∣2, we can quantitatively see the contribution of

each resonance in the Dalitz Plot phase space.

Using Toy Monte Carlo generated samples4, we can see the individual

resonances behaviour. Figure 2.6 illustrates how various intermediate two-

body states appear in the Dalitz plot. Unlike the uniform distribution of the

phase-space decay (top left of the aforementioned figure, which is also the

NR shape), scalar resonances appear as bands in the Dalitz plot. Angular

distributions for vector and tensor intermediate states introduce characteristic

non-uniformity of the event density along the resonance, bands with number of

nodes equals to the spin of the particle. Finally, Figure 2.7 shows the complete

Dalitz plot behavior when all those resonances are included in the model,

simulated with a given set of ai and δi that are close to what is seen for real

data, we clearly see how the region where the amplitudes of two resonances

4The concept of Toy MC will be explained later on chapter 4.
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overlap is sensitive to the phase difference between the two amplitudes, so it

is possible to observe the interference between resonances.

The decay fraction contributions are defined as a function of each

resonance r parameters, with the integration in the entire Dalitz plot:

fi = ∫ ∣Mi∣2ds12ds13
∫ ∣MNr +∑iMi∣2ds12ds13

. (2-43)

Detailed information with regard to decay fractions is shown in Ap-

pendix B.

2.4.4
Model Indepentent Partial Wave Analysis (MI-PWA)

Even though in some cases the Isobar Model yields a good description

of the data, one of its biggest issues, besides its model dependence, is that

it has a limited ability in disentangling individual contributions from broad

components in the S-wave. Although it is good for narrow, well separated

states, it fails in particular to describe the overlap of broad resonances in the

same wave. The use of relativistic BW shapes to describe resonances is known

to fail when there is more than one overlapping resonance, or when there is

significant interference with a nonresonant component, since modeling the S-

wave as a superposition of Breit-Wigners is unphysical because it leads to a

violation of unitarity when broad resonances overlap.

This constitutes a complication for the description of troublesome reson-

ances, and in particular, it means that alternative models must be considered

for the π+π− S-wave where there is known to be a broad (Γ ∼ 500 MeV) contri-

bution from σ(500), as well higher mass f0 states.

One of the possibilities in dealing with these issues is to describe de S-

wave by means of the Model Independent Partial Wave Analysis technique,

developed by the Fermilab E791 Collaboration [22], which is an attempt to

alleviate the model dependency of the Isobar Model.

The main idea here is that the decay matrix element is written as a

sum of partial waves, truncated at the D-wave (which is already a very small

contribution).

Terms appearing in Eq. (2-27) are grouped according to the value of

L(J). The S-wave part (all terms with J = 0, including the NR) is factored

S = S(√sij) ×MJ
0 (p∗, p∗0)FD(q∗, rD,0) (2-44)
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Figure 2.6: Toy MC samples showing the sape of some possible resonant states in
the D+→ π−π+π+ decay. The Non-Resonant (NR) state it is also showed as reference.
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Figure 2.7: Dalitz representation for Toy MC generated sample with the known
possible resonances showed in Fig. 2.6, with features similar to those in real
data.

into a partial wave S(s), describing the π+π− scattering, and the product

MJ
0 (p∗, p∗0)FD(q∗, rD,0) describing the D decay5.

No assumption is made on the nature of the S-wave. Instead of including

the S-wave amplitude as a superposition of relativistic Breit-Wigner functions,

the π+π− mass spectrum is divided into n − 1 slices and the S-wave its

parameterized by an interpolation6 between the n endpoints in the complex

plane, so that two real numbers are fitted at each slice:

AS−wave(mπ+π−i
) = cieiφii=1,...n (2-45)

The ci and φi values are treated as model-independent parameters and

are determined by a fit to the data.

The P- and D-waves (J = 1,2, respectively) are assumed well represented

by the isobar formalism consisting of a sum of Breit-Wigner amplitudes.

5Since L = 0, the product MJ
0 (p∗, p∗0)FD(q∗, rD,0) equals to 1.

6This interpolation is implemented by a Relaxed Cubic Spline.
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Contribution E791 CLEO
NR 7.8 ± 6.0 ± 2.7 −

ρ(770)π+ 33.6 ± 3.2 ± 2.2 20.0 ± 2.3 ± 0.9
f0(980)π+ 6.2 ± 1.3 ± 0.4 4.1 ± 0.9 ± 0.3
f2(1270)π+ 19.4 ± 2.5 ± 0.4 18.2 ± 2.6 ± 0.7
f0(1370)π+ 2.3 ± 1.5 ± 0.8 2.6 ± 1.8 ± 0.6
ρ(1450)π+ 0.7 ± 0.7 ± 0.3 −
f0(1500)π+ − 3.4 ± 1.0 ± 0.8

σπ+ 46.3 ± 9.0 ± 2.1 41.8 ± 1.4 ± 2.5

Table 2.1: Results for the nominal fits of E791 and CLEO Dalitz plot analysis.
Errors are statistics and systematic.

2.5
Experimental status of D+ → π−π+π+ Decay

The D+→ π−π+π+ decay has been previously studied by E791 Collabora-

tion, using the isobar technique with ≈ 1200 events [23] and including a σ res-

onance. In contrast, FOCUS uses the K–matrix approach in ≈ 1500 events [24].

The most recent result comes from the CLEO Collaboration [25], using

≈ 2600 signal events. CLEO considers isobar models with different descriptions

of the f0(980) and σ. Events from the decay D+ → K0
sπ

+, which has a large

rate and contributes to the same final state, are isolated with a veto on the

π+π− invariant mass. An Isobar Model is used to parametrize the signal decay

where the description from Bugg for the σ and Flatte parameterization for

the threshold effects on the f0(980) are included. Alternative models are also

tried and give comparably good fit results. Table 2.1 shows the results for the

nominal fits of the E791 and CLEO Dalitz plot analysis, whereas Fig. 2.8 shows

the Dalitz plot of the data used in CLEO fit.

Though no Model Independent Partial Wave Analysis MI-PWA has been

done on this channel, BABAR Collaboration [26] made an analysis for the

D+
s → π−π+π+ using ≈ 10000 events, employing 40 points to fit the S–wave.

Fig 2.9 shows the mass and Dalitz plot distributions for the data sample used,

while Fig. 2.10 shows the magnitude and phase behaviour of the D+
s → π−π+π+

decay, as well as its comparison with previous results from FOCUS and E791

analysis.
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Figure 2.8: Dalitz plot distribution showing the sample used by CLEO as well
as the veto on the K0

s .
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Figure 2.9: Mass and Dalitz plot distributions of the samples used by BABAR.
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Figure 2.10: MI-PWA results for the BABAR analysis of the D+
s → π−π+π+

decay. Up: Magnitude and phase distribution of the S–wave fitted by BABAR.
Down: Comparison with previous results from FOCUS and E791.
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3

The LHCb Detector and the LHC acelerator

The LHC [27] is the most powerful tool of particle physics in the world.

Located beneath the border of France and Switzerland, near Geneva, it is

a superconducting proton-proton collider originally designed to collide beams

with a center of mass energy of 14 TeV and luminosity of 1034 cm−2s−1, with the

main objective of reproducing -and testing- the Standard Model predictions in

high energy collisions, as well as search for New Physics phenomenon. The

analysis of these collisions could answer fundamental questions about our

universe, such as: what is the origin of mass? Why there is an asymmetry

in nature resulting in most matter than antimatter? In the 2012 data taking

conditions the center of mass energy was 8.0 TeV (4 TeV by each proton beam).

The peak luminosity delivered by the LHC during this period reached

values approaching 1033 cm−2s−1 for the general purpose detectors. Luminosity

is an important parameter for an accelerator, as it allows to estimate the

expected event rate for a process with a known cross section or, in the other

way around, to obtain the cross section from the measured rate of the process.

The luminosity is defined as

L = fnN1N2

A
(3-1)

where f is the revolution frequency, n is the number of proton bunches in

each beam, Ni is the number of protons in each bunch for beam i and A is the

cross sectional area of the beams. In order to estimate the number of events

expected in a given data sample, the integrated luminosity Lint = ∫ L(t)dt
is usually preferred with respect to the instantaneous luminosity, L. Fig. 3.8

illustrates the integrated luminosity over time.

In order to inject bunches of protons into the LHC for acceleration, a

series of pre-accelerators is used. Hydrogen atoms are first stripped of their

electrons to produce protons and subsequently accelerated to an energy of

50 MeV by a linear accelerator (Linac2). They are then injected into the Proton-

Synchrotron Booster (PSB) followed by the Proton Synchrotron (PS), where

they are accelerated to 25 GeV. From there, the Super Proton Synchrotron

accelerates them to an energy of 450 GeV before they are injected into the

LHC. In 2010 and 2011, the LHC reached an energy of 3.5 TeV per beam

and in 2012 this was increased to 4 TeV per beam. An overview of the CERN

accelerator complex is shown in Figure 3.2

The number of events generated in LHC collisions is determined by the
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Figure 3.1: Cumulative integrated luminosity delivered to (2012) and recorded
by LHCb (2010-2012).

expression

Nevents = Lσpp , (3-2)

where σpp is the cross section, which depends only on beam parameters.

3.1
The LHC Experiments

Each of the four collision points of the LHC allocates a detector which

captures and analyses the results from the proton collision. The four main

experiments are:

ALICE A Large Ion Collider Experiment

It is a heavy ion (Pb-Pb nuclei) detector which is dedicated to the study

of strong interactions (QCD) in extreme energy densities, where it is

expected the formation of a new phase of matter, the plasma of quarks

and gluons.

ATLAS A Toroidal LHC Apparatus

It is a general-purpose detector used to cover the broadest possible

range of physics at the LHC, from the search for the Higgs boson to

supersymmetry (SUSY) and extra dimensions.
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CMS Compact Muon Solenoid

It is a general purpose detector with the same goals of ATLAS but with

different techniques and conception.

LHCb Large Hadron Collider beauty

It is dedicated to the study of production and decays of hadrons contain-

ing the b and c quarks (heavy flavors), with emphasis to CP violation

and rare decays.

Figure 3.2: Location of the experiments on the 27 km circunference of the
LHC.

Figure 3.3: Schematic overview of the CERN accelerator complex. The location
of the LHC experiments is also shown.
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3.2
The LHCb Detector

The LHCb is an experiment dedicated to making precision measurements

of heavy flavors in the LHC. It is a single arm detector that collects only frontal

events, a geometry that was chosen taking into account that the proton-proton

collision (pp) will produce quark-antiquark pairs bb̄ mainly toward the collision

axis (see Fig. 3.4), with a Lorentz boost which consequently forms a cone, and

covers the angular limits of 15 mrad to 300 mrad in the horizontal plane and

at 10 to 250 mrad in the vertical plane, as illustrated in Figure 3.5.

Figure 3.4: Polar angle distribution of b quark pairs produced at the LHC.
It is clear that the majority of the quarks are produced in the forward and
backward regions with the region of LHCb’s acceptance highlighted in red.

Figure 3.5: Side view of LHCb. It was adopted the positive side of the z-axis
from the vertex of the interaction position to the muon detector. The y axis
represents the vertical coordinate and the x axis is perpendicular to both.
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3.3
Track Reconstruction

The beams produced by the LHC pass through the LHCb detector within

a tube consisting of four conical sections having 2 to 6 meters in length and

connected to a vacuum chamber where is located the VELO, which will be

explained later. The first three segments of the beam-pipe located after the

vacuum chamber are composed of beryllium and measuring 1.9, 3.7 and 6.0 m

respectively. Beryllium was chosen because of its transparency and elasticity

since, as LHCb looks for events in directions near to the direction of the

beam, the properties of the beam-pipe directly influence the data taking, and

characteristics of the amount of material traversed by the particles have a

direct impact on information collected.

3.3.1
The Magnet

A magnetic dipole [28] is used in the experiment for measurements of

charge and linear momentum of charged particles. The linear moment are

measured by the deflection due to the dominant component of the magnetic

field By and therefore the trajectories are observed in the plane xz. The

integrated field is:

∫ Bydz = 4.2 Tm (3-3)

In order to achieve the required momentum resolution for charged

particles, the full magnetic field must be measured with a relative precision

∼ 10−4, and the position of the B field peak with accuracy of a few millimeters.

The measurement of three magnetic components is provided by the mapping

of the field inside the detector track volume. The LHCb magnet has the ability

of changing the orientation of the magnet field with respect to the y axis: it

can be upwards (called MagUp) or downwards (MagDown). In 2012, indeed,

half of the data was taken with MagUp orientation and the other one with

MagDown configuration. Figure 3.6 presents a schematic view of the LHCb

magnet.

3.3.2
Tracking System

The LHCb tracking system consists of the VELO and four planar track

stations as explained below. It is designed to provide efficient reconstruction
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Figure 3.6: Schematic view of the LHCb magnet

of charged-particle tracks.

VErtex LOcator (VELO)

The ability to reconstruct the tracks of the particles is of fundamental

importance in the LHCb. The VELO [29] is the sub-detector closest to

the primary interaction region. It is designed to measure the trajectory of

charged particles as well as pinpoint their origin. Charged particles can

emanate from a primary vertex (PV) i.e. a proton-proton interaction within

the detector acceptance, or from the decay of any long-lived particles that

produce secondary decay vertices (SVs) which are distinct from any PVs in

the event.

The VELO consists of 21 stations placed along the beam axis, each

counting with two measurement planes; a plan (r-sensor) is used to measure

the radial coordinates (r), and the second plane (φ-sensor) is in charge of

measuring the azimuth coordinates1 (φ). The third coordinate is obtained from

the knowledge of each sensor plane position within the experiment. Fig 3.7

illustrates the geometry of the VELO sensors. In addition to track and vertex

reconstruction the VELO also plays a role in the high level trigger at LHCb.

1We chose the cylindrical coordinate system to allow a fast track reconstruction and
provide the spatial information 3 −D.
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Figure 3.7: Outline illustrating the rφ geometry of the VELO sensors.

Figure 3.8: Schematic showing one side of the VELO detector in the closed
position.

Silicon Tracker

It is part of the tracking system and it consists of three sub-detectors:

Tracker Turicensis [30] and the so-called Inner [31] and Outer trackers [32].

Tracker Turicensis

It aims to capture the information of the tracks of low momentum

particles; it uses four layers of detectors made of silicon micro strip rotated
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Figure 3.9: Tracker Turicensis. Arrangement of the TT layers, rotated in ±50.

respectively in −50 and 50 in the canonical LHCb reference frame, which

facilitates the work of the trajectory reconstruction algorithms (see Figure 3.9).

Inner Tracker

It covers a roughly 120 cm wide and 40 cm high cross-shaped region in

the centre of three large planar tracking stations downstream of the magnet.

It uses silicon strips technology and covers the inner region corresponding to

around 20% of the particle flow.

Outer Tracker

It is located on the outer region of the T stations, aims to detect the

position of the tracks that are in the acceptance region of the LHCb, with an

angle greater than 15 mrad. An illustration of the Inner and Outer Tracker

stations can be seen in figure 3.10
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Figure 3.10: Tracking Stations Inner Trackers (purple) and Outer trackers
(green).

3.4
Particle Identification

For the study of decays of heavy flavor hadrons, it is essential to identify

them and their daughters. Thus for experimental purposes it is an absolutely

necessary requirement to separate, for example, kaons from pions. The LHCb

Particle Identification (PID) system consists of RICH detectors, calorimeters

and muon detectors. Electrons are detected in the electromagnetic calorimeter,

muons in the muon chambers, pions, kaons and protons are separated by RICH

and have their energy measured; at the hadron calorimeter for all hadrons in

general. The neutral particles are identified in the electromagnetic calorimeter

(photons and π0’s) or hadron calorimeter (neutrons).

3.4.1
RICH

The RICH2 [33] is based on the effect known as Cherenkov radiation to

determine the velocity of a particle by measuring the angle at which emits

radiation. The Cherenkov effect constitutes electromagnetic radiation emitted

by particles that propagate at higher speed than light in a given medium.

For large polar angles the spectrum of momentum is smooth, while for

small angles this spectrum is increased, so the PID system3 consists of two

2Ring-Imaging Cherenkov detector.
3We will use PID whenever we speak of Particle Identification.
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RICH detectors which will be explained below, to fully cover the range of

momentums shown in Figure 3.11.

Figure 3.11: Graphs of RICH momentum distributions. Left: scatter plot of
events with Cherenkov radiation angle as a function of momentum. Right:
Graph showing the various momentum intervals for the particles.

RICH 1

Located between the VELO and Trigger Tracker detectors, the RICH 1

is used to identify charged particles with low momentum (∼ 1 − 60 GeV/c),
employing Aerogel and FluoroButano (C4F10) radiators.

RICH 2

Located between the Outer Tracker and the Electromagnetic Calori-

meter, it contains the tetrafluoromethane (CF4) gas radiator, and provides

PID to high momentum particles (from 15 to 100 GeV/c) within the accept-

ance region of the polar angle ±120 mrad (horizontal) up to 100 mrad (ver-

tical). The representation of both RICH detectors 1 and 2 may be observed in

Figure 3.12.

3.4.2
Calorimeter System

The main scope of calorimeters system [34] is to identify candidates for

the first level trigger (L0) as hadrons, photons and electrons to measure their

energy and the position of each of them. The particles, when crossing plaques

of dense material, generate showers of lighter particles and lower energy. These

showers excite internal states of particles of a scintillator that emits radiation

in a well-defined wavelength. The measurement of the photons from this
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Figure 3.12: Side representation of RICH 1 and RICH 2.

radiation, by photomultipliers, allows the determination of the total energy

of the incident particle.

The calorimeter system consists of an electromagnetic calorimeter

(ECAL) and a Hadron Calorimeter (HCAL). The ECAL consists of 6016 cells

of different sizes, designed to have an energy resolution of

σE
E

= (8 ± 10)%√
E(GeV )

+ 0.9% (3-4)

and it is preceded by two planes of scintillating plaques, or Scintillating

Detector (SPD- Scintillating Pad Detector) and Pre-Shower (PS Pre-Shower).

SPD provides the separation between neutral and charged particles and the

PS contributes to the identification of the electromagnetic shower. In all four

subdetetores the light produced by the scintillator is captured by wavelength

displacer fibers and transported to the photomultipliers. The HCAL is a

calorimeter composed of iron plaques and scintillators of 16 mm and 4 mm

respectively, thise information is read by the 1488 wavelength displacer cells,

and has a resolution of

σE
E

= (69 ± 5)%√
E(GeV )

+ (9 ± 2)% (3-5)
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3.4.3
Muon System

The muon system [35] (Figure 3.13) for semi-leptonic decays of heavy

hadrons is a fundamental tool for determining the flavor of the produced quark,

which makes this system crucial for LHCb trigger and offline reconstruction.

Figure 3.13: Muon system of the LHCb. Left: scaled drawing the muon system
location. Right: Trajectory of a muon from the interaction point until cross
the 5 track stations.

From the particles that interact with the detector, muons are those having

more penetration power. This system has the role of determining the trajectory

of muons, linking up with the initial trigger in search of muons with high

transverse momentum, as explained in the following sections.

It consists of five muon tracker stations (M1-M5) disposed along the beam

axis, interspersed with filters (steel walls) for eventual attenuation of survival

hadrons, electrons and photons. M1 is situated before the calorimeters and the

other stations are located at the end of the detector, separated by 80 cm steel

walls that prevents the passage of other particles.

Each of the 5 stations is divided into four regions R1-R4 and comprises

muons chambers of different types, sizes and granularities. Each region is

divided into cells that determine the position of the passage of the muon.

In M1R1 Gaseous Electron Multiplier (GEM) detectors are used, consisting

of a thin perforated metal sheet with a high hole density. Applying a high
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potential difference creates electric fields in the holes that collect electrons

produced in the gas ionization. The additional M1 regions, along with all the

other stations are composed of proportional chambers Multi-Wire Proportional

Chambers (MWPC) based on the principle of ionization of a gas by the

passage of particles. The ions created by the passage of particles migrate to the

electrodes with opposite polarity, causing a small current that can be amplified

and measured, thus identifying the position of the muon.

3.5
Trigger System

Each intersection of the LHC beams corresponds to approximately

40 MHz (event rate) data, which means an average frequency of 10 MHz vis-

ible data on the LHCb detector. This amount of information is too large to be

read and stored in the long term in disks. Moreover, most of this information

is not of interest to the purposes of study because the cross section of qq pair

production, compared to the inelastic cross section of pp collision shows that

a small number of collisions generate interesting events to the LHCb study

objectives. The trigger system makes the quick decision if an event should be

discarded or recorded. Through a sophisticated system [36] it filters the data

in real time with the aim to reduce the output rate written to disk at around

2 kHz. This reduction is achieved by two levels of trigger: The trigger Level-0

(L0), based on hardware components, and High Level Trigger (HLT), based in

software lines.

3.5.1
L0 Trigger

It is a trigger based on the LHCb hardware components [37] which re-

duces the initial rate of 10 MHz of visible collisions to 1 MHz. It combines

information from the muon chamber, the electromagnetic and hadron calor-

imeters and SPD detector. It takes advantage of the fact that the heavy

flavor hadrons, due to their large masses, decay in particles with transverse

momentums (PT ) relatively large, to trigger events (with lepton, hadron or

photon). This information is sent to the L0 Decision Unit (L0DU) which also

receives as input the estimated number of interactions from the storage unit.

The L0DU performs a simple arithmetic calculation with the contributions

received and issues a decision for the different types of trigger: muon, dimuon,

hadron, electron and π0, and this decision is made on 4µs while the decision

time of reconstruction algorithms in the calorimeter and the muon detector is

1µs.

DBD
PUC-Rio - Certificação Digital Nº 1122072/CA



Amplitude analysis of the decay D+→ π−π+π+ in the LHCb experiment 52

3.5.2
High Level Trigger HLT

The LHCb experiment uses a series of servers to filter the received events

from the detector. This is a complex task because the decision must be made

very quickly and reliably. The High Level Trigger (HLT) is the second (and

last) level of trigger of LHCb, running on events passing the L0 trigger.

HLT1 High Level Trigger 1

Once accepted the event by L0, the HLT1 reconstructs tracks in 2D at

VELO and measures the momentum in T stations.

HLT2 High Level Trigger 2

It consists of a chain of inclusive trigger lines, so-called topological

lines, allowing to determine particular decay channels, fully reconstructs

individual channels, and finally writes the data to tape.

After the HLT2, the data contains mostly events of physical interest; each

HLT1 and HLT2 selection produces summary information for accepted events,

which are written in the storage units.

3.6
Online Selection System

The task of the online selection system is to ensure the transfer of data

from electronic devices in the detector until the permanent storage under

known and controlled conditions.

The LHCb Online System architecture consists of three components (see

Figure 3.14):

DAQ Data Acquisition System.

Its purpose is to carry the data belonging to the intersection of a given

group and identified by the trigger, from the electronic devices in the

detector until the permanent storage.

TFC Timing and Fast Control system.

Leads all stages of data read from the LHCb detector between electronic

devices and the online processing, by the beam synchronization clock,

the L0 trigger and the synchrony reset and speed control commands.

ECS Experimental Control System.

Ensures control and monitoring of the operational status of the entire

LHCb detector. This covers not only the traditional areas of control
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detector, such as high and low voltages, temperatures, gas flows and

pressures, but also the control and monitoring of trigger systems, TFC

and DAQ.

Figure 3.14: Architecture of the Online Selection System of the LHCb with
its three components: DAQ, TFC and ECS.

3.7
LHCb Software Framework

All the LHCb software environment is based upon the full Object

Oriented Gaudi framework [38]. The analysis, performed into the Gaudi

architecture, can be splitted in problems involving only a single proton collision

that is considered independent from the previous and the next one except

for effects due to dead-times, treated statistically. Because of the non mixing

events procedure, the workload can be easily split on many computing nodes

in exactly the same way for all the purposes.

The main LHCb software tools are:

Gauss Both the event generation and detector simulation are handled by

Gauss [39]. A tuned version of Pythia [40] is used to generate the pp

interactions, while the decays of the particles is described by the EvtGen

package [41]. The Geant4 toolkit [42] simulates the interaction of particles

in the detector. To save time and increase the production efficiency,

selected cuts can be applied at the generator level.

Boole The Boole software package [43] is in charge of simulating each sub-

detector response. It recreates the digitization of the energy deposited in
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the LHCb detector active material. At this stage, the hardware trigger

(L0) is also emulated. The output format of Boole is exactly that used

in real raw data files, allowing the following software chain to be the

same for MC and real data.

Moore The HLT 1 and HLT 2 are software triggers which are implemented by

the Moore package [44] for both the online system and offline simulated

events. The trigger settings are defined via an unique hexadecimal word

called Trigger Configuration Key (TCK) that identifies the set of trigger

decisions (e.g. trigger algorithms run in L0, in HLT1 and in HLT2, the

selection criteria, etc.). To ensure a correct reproduction of the trigger

performance in the simulated events, each TCK must be processed with

a specific version of the Moore software (exactly the same that has been

run when the real data was taken).

Brunel Brunel [45] is the reconstruction program that creates physics object

starting from raw detector hits. The physics objects consist of charged

tracks, photons, calorimeter clusters and Cherenkov rings. Also inform-

ations about the tracks are obtained, such as PID likelihoods and track

quality.

DaVinci The last reconstruction step is DaVinci [46]. With this program it is

possible to create composed objects and to perform candidate selection.

Selected candidates can be stored in different file formats useful for

statistical analyses (e.g. histograms or ntuples) or visualization (using the

Panoramix software package [47]). DaVinci is also used for the selection

procedure, in which case an output format readable by DaVinci itself is

used.

3.8
Summary

In short, the LHCb has been described from its location in the LHC

tunnel to its main components including the detector and its interface with

the machine, and the first level hardware-based trigger, the high level trigger

based on software components, and the online monitoring system.

With the above in mind, we can say that we have a high level of confidence

in the data obtained in each run, hoping to get interesting results studying the

physics of heavy flavors sector, search for new physics effects through high-

precision measurements of CP violation and rare decays in the sector of b and

c physics and possibly reach beyond what other experiments allowed, in the

knowledge of the fundamental processes of particle physics.
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Data Analysis

The first demand to face in a data analysis is the enhancement of the

sensitivity on the observables of interest: an optimized selection that reduces

the number of background events must be found. This Chapter is dedicated to

describe the logical course in data treatment and the techniques used in the

present analysis in order to get our final sample.

In this thesis, the data used for our decay channel corresponds to part

of Run I with an integrated luminosity of 2.0 fb−1 and a center-of-mass

energy of
√
s = 8 TeV [48] for proton-proton collisions taken during 2012.

The information provided by the LHCb detectors is combined to reconstruct

events. Most of the events, however, are not of our interest. Therefore, some

criteria are necessary to enrich the data sample with events containing true

D+→ π−π+π+ decays.

We work with data that has been taken with both magnet orientations

or polarities, namely MagUp and MagDown. A breakdown of the data sample

is given in Table 4.1.

Table 4.1: Luminosity corresponding to the data sample used in this analysis.

Stripping20

Magnet Up 1.000±0.012 pb−1

Magnet Down 0.988±0.012 pb−1

The analysis to select our final sample of D+→ π−π+π+ (charge conjugate

implicit) proceeds through the following steps:

1. Trigger selection:

In order to be stored and processed offline, the collected data are filtered

at the L0 and the HLT trigger levels by specific trigger lines. Each event

that passes the selection can be classified as TOS (Trigger On Signal) or

TIS (Trigger Independent of Signal). We call TOS events, with respect

to a given trigger implementation, those events for which our decay

of interest is responsible for the whole event to be kept. TIS events

are triggered due to decays of particles from other part of the event,

independent of our signal. In this analysis, specific trigger lines for TOS

or TIS events are required at each trigger level, in order to facilitate the

understanding of the trigger efficiency.
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2. Offline pre-selection (stripping).

This process, described in Section 4.2, consists of combining the recon-

structed particles to form signal candidates responding to specific re-

quirements mainly related to the decay’s kinematic. Stored events are

reconstructed by the Brunel application [45] , which converts hits

and calorimeter depositions into tracks and particles. The reconstruc-

ted events are then further filtered in a process called stripping, which

uses the analysis tools contained in the DaVinci1 application [46], such

as particle identification algorithms and vertex fitting functions, to re-

duce the data sample. Different stripping lines are used, each of them

optimized for a defined decay topology. One specific stripping line for

the exclusive selection of D candidates is used for the analysis: the

StrippingD2hhh PPPLine, for decays with three charged pions in the

final state. In this case the pion mass is assigned to all the particles that

are combined into the final decay chain. A detailed list of the criteria

defining this stripping line is given in Section 4.2.

3. Offline selection.

A cut-based selection is applied to the reconstructed candidates, in

order to get rid of those events which are most easily identifiable as

background and improve the signal significance. The value of the applied

cuts maximises a defined figure of merit or must be highly efficient on

signal, in order not to loose precious events, but at the same time they

provide significant background suppression.

4. MVA: Multivariate Analysis (see Section 4.5.2)

It is applied as a finer selection. This algorithm combines a set of dis-

criminating variables, chosen conveniently by the user, in order to build

a new variable which provides an optimal signal-background discrim-

ination. Cutting on this variable could then provide both high signal

efficiency and background rejection.

In the next section, some variables relevant to the study are defined,

previous to enter the different stages of the selection.

1Physics analysis software for the LHCb experiment.
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Figure 4.1: Topology of the production process of the D meson and its decay
D+→ π−π+π+.

4.1
Main Variables For Sample Selection

Variables involved in the optimization are: kinematic variables of the

particles associated with the decay (such as momentum (p), transverse mo-

mentum (pT), and energy (ET)). Particle Identification (PID) variables (based

on the information provided by RICH detectors, muon system, and calorimet-

ers) and Topological variables: events are accepted or rejected according to the

value of some variables directly related to the topology of the decay.

Following we explain the characteristics of some of the variables involved

in the optimization used in accordance with the topology of the decay shown

in Figure 4.1:

D MM Invariant mass of the D candidate.

It is obtained from information of the 4-momenta of each daughter

particle. Its value is required to be close to the nominal mass of D.

D PT Transverse moment of D candidate.

It is the modulus of transverse momentum of the D candidate with

respect to the beam direction (z).

PV Primary Vertex (PV)

It is the point where the p−p interaction occurs and where the D meson

is produced.

SV Secondary Vertex (SV)
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It is the point where the D meson candidate decays in its products

(daughters).

χ2
FD Flight distance χ2 of D related to its own primary vertex.

It is the square of distance between the PV and the SV, in other words,

the distance between the collision point (where D is created) and the

decay point, divided by the square of its uncertainty.

D χ2
IP a χ2 difference of PV related to Impact Parameter.

This is the difference in the χ2 of the PV fit with and without the D

candidate particle. If the particle comes from the primary vertex (which

is the case for a true D) this difference should be very small.

pi χ2
IP (i = 1,2,3) It is the same quantity as that for the D, but now for each

i daughter. Since none of them should come from the PV, this quantity

must be large for true D daughters.

DIRA Direction angle.

Cosine of the angle between the D displacement vector (obtained from

the 3D PV and SV location) and the reconstructed moment of D meson

from the three daughters. For real three body D decays, it must be close

to 1.

pi PT (i = 1,2,3) Transverse moment of the daughters.

The D meson is generally produced with large transverse momentum,

and this feature is inherited by its daughters, so pi PT is a good

discriminant of signal/background. However, the low PT region is located

on the edges of the Dalitz plot, thus implementing a strong cut in any

of these variables introduces undesirable sculpting of the Dalitz plot

acceptance.

DOCA ij Distance of minimum approach between the tracks i and j.

Given the two daughters, it is the minimum distance between their

reconstructed trajectories.

∆lnLKπ Particle Identification

From the quality of identification of the daughter particles it depends

the confidence in the D meson candidates selection. In our case we need

to identify in the best possible way pions and kaons.

From the RICH information, for each track it is associated a probability

to be one of the five possible particles: pion, kaon, proton, electron or
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muon. We use the likelihood hypothesis of the particles, and calculate

the logarithmic difference of these amounts. For Kπ separation one uses

the expression lnL(K) − lnL(π) = lnL(K − π).

χ2/ndof χ2 per degree of freedom of the track reconstruction fit.

It is the χ2 of the track reconstruction fit divided by the number of

degrees of freedom.

PTsum Scalar pT sum of the three daughters.

As D is a particle with high PT, the produced particles will also have high

PT values. PTsum it is defined as the scalar sum of the three daughters

PT.

logIP The logarithm of the ratio between the product of all daughter‘s χ2
IP

and the χ2
IP of the D,

logIP = log(
∏i χ

2
IPπi

χ2
IPD

)

4.2
Stripping Selection

The data collected online by the trigger (see Section 4.3) passes through

an off-line selection system known as stripping, which is a unified selection

process for data to be permanently stored in the LHCb and further cleaned in

an ‘off-line’ mode in order to get rid of those events that can be identified as

background and improve the signal significance. This off-line process provides

the data that will be permanently saved in the LHCb.

Among the basic criteria for event selection at this stage are the quality

of tracks, good vertex definition and an excellent identification of particles.

The relevant variables are briefly described in Section 4.1. In 2012, the

stripping cuts for selection of the LHCb data is called as Stripping20 and

for our decay under study, D+ → π−π+π+, it is defined by a line called

StrippingDhhh_PPPLine. Table 4.3 shows a full description of the stripping

selections.
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Variable Cuts
Daughter cuts

pT > 250 MeV/c
p > 2000 MeV/c
pT sum > 2800 MeV/c
pi χ2

IP > 6
∆logLKπ < 3

Mother cuts
χ2 vtx < 30
DpT > 1000 MeV/c
Mass 1800 MeV/c2 <mD < 2040 MeV/c2
χ2
FD > 125

D χ2
IP > 12

DIRA > 0.98
DOCA max < 0.5 mm

Table 4.2: Stripping20: Off-line selection criteria for the LHCb data in Run II
(2012) for candidates of D+ → π−π+π+.
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4.3
Trigger Selection

The data collected in the LHCb experiment is initially filtered by the L0

and HLT trigger levels (see Section 3.5) by different selection criteria known

as trigger lines. At this stage the data selection occurs ‘on-line’. The events

can be labeled of TOS (Trigger On Signal) if they are triggered by associating

the information of the detector and the candidate signal itself or TIS (Trigger

Independent of Signal) if they are triggered without the requirement to be

associated to the candidate signal.

At the L0 level, the candidates for the decay channel studied here

are required to be TOS in the trigger lines D_L0HadronDecision (meaning

that one of our pion daughters was responsible for firing the trigger) or a

combination of L0 TIS line, as shown in Table 4.3.

The reconstruction of tracks is performed at the HLT1 level with a three-

dimensional pattern recognition using the information provided by the VELO

detector and the tracking systems OT and IT. In this analysis, we use a partic-

ular HLT1 trigger line that guarantees at least one of our daughter with high

pT and χ2
IP ; this is the line D_Hlt1TrackAllL0Decision. Finally, the events

corresponding to charm decays in three hadrons are obtained by requiring our

D candidate to be TOS by the line D_Hlt2ChamHadD2HHHDecision at HLT2.

Table 4.3 shows the trigger selection used in our decay channel studied.

At this stage we apply a muon veto to all three tracks, in order to

control the contamination from semileptonic decays. Figure 4.2 shows the

mass spectrum for D+ candidates decaying in three pions, M(π−π+π+), after

the trigger and stripping selections are applied. Additional cuts are, however,

necessary as discussed in the following section.

Trigger level Condition required
L0 D_L0HadronDecision_TOS or

D_L0HadronDecision_TIS or
D_L0MuonDecision_TIS or
D_L0ElectronDecision_TIS or
D_L0PhotonDecision_TIS

HLT1 D_Hlt1TrackAllL0Decision_TOS

HLT2 D_Hlt2CharmHadD2HHHDecision_TOS

Table 4.3: Trigger selection applied to the D candidates.
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Figure 4.2: Mass spectrum for D+
(s) → π−π+π+ after stripping and trigger cuts

plus a muon veto on all tracks. The invariant-mass M(π−π+π+) ranges from
1810 to 1930 MeV/c2.

4.4
Monte Carlo (MC) samples

The Monte Carlo simulated samples are used in this analysis to guide

the selection criteria and to extract the efficiencies when it cannot be done

using the data. All samples were generated in phase space, i.e. with uniform

distribution through the Dalitz plot, using the standard LHCb MC 2012

generation procedure, with Gauss, Brunel and DaVinci, as explained in

Section 3.7.

In order to be able to generate large MC samples, we have provided them

with generator level cuts and only stored events that passed some dedicated

trigger lines. It was generated a total of 18 M events of D+ → π−π+π+, half

of this data was generated with Magnet Down polarity and the other half

with Magnet Up. These samples are passed through a set of processes (e.g.

stripping, HLt1 and Hlt2 filters) with selection criteria similar to data. After

this procedure, the total sample consist of 5.5 M events. The samples are not

required to pass through Particle Identification criteria (∆logLKπ), because

DBD
PUC-Rio - Certificação Digital Nº 1122072/CA



Amplitude analysis of the decay D+→ π−π+π+ in the LHCb experiment 63

these variables are poorly simulated on LHCb MC. Instead, a reweighing

process is used, to take into account eventual differences between data an MC,

due to Particle Identification variables. This reweigh is a data driven method

from calibration samples (better explained in Section 4.7), performed using

the PIDCalib tool [49].

After applying in MC all the selection criteria for data (except PID),

which will be presented in the following, the MC sample for D+ → π−π+π+

consists of 129 274 events in a 2σ window which we shall define in the

Section 4.6.

4.5
Final Selection

In the final stage of the selection a multivariate analysis based in

Boosted Decision Trees (BDT) [50] was implemented. Prior to this final stage,

rectangular cuts were applied in an initial stage.

4.5.1
Study of variables

The aim of the initial selection is to apply loose requirements and reduce

backgrounds in the decay channel so that the multivariate selection may be

used to reduce them further to implement the final analysis requirements.

Since we are interested in charm meson decays in three bodies, the invariant-

mass corresponding to the mother particle is calculated based on momenta

and masses associated to three possible daughters. From Figure 4.2, for

example, we can observe that the peak around 1870 MeV must be formed

by candidates corresponding to the expected D+ → π−π+π+ decay. Other

candidates are contributions from the background, both under the peak and

in the mass sidebands. These may come from random three-track associations

(combinatorial background) or from other D decays (reflections).

We made a study on the variables of the decay, in order to apply some

cuts and also with the objective of find those variables with better signal–

background separation power, to give them as input for a neural net to be

explained in next section. This study is performed as follows: we plot the

variable distribution, with a restriction on the D mass, i.e. if we want to

observe the signal distribution of the variable under study, we restrict it to the

D mass signal region. Logically, to observe its background distribution, the

restriction is applied on the sidebands (lateral regions of the nominal D mass)

of the D candidate. This variable study is twofold, first, we want to observe

the variable distribution in order to apply some rectangular cuts, and second,
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because we also want to compare the signal and background distributions of

the variables of interest, against the distribution of those variables simulated

on MC, prior to use them in the next stage of the selection, as shown in next

section.

The efficiency of a cut is calculated as the number of events of interest,

after applying the cut, divided by the number of events before applying it.

The purity for signal (s) or background (b) is a relation between the number

of events of the specie of interest (s or b), and the total number of candidates

in the region under study (s + b). The number of signal and background are

obtained from mass fit. We apply very lose rectangular cuts on some variables,

taking into account the distributions of signal and background efficiencies and

purities, from Figure 4.3 and Figure 4.4. Those figures show the signal (data

and MC) and background distributions of the more relevant variables. The

MC distributions are corrected using weights from the PIDcalib package. A

summary of the cuts applied is shown in Table 4.4. We do not apply further

cuts because we do not have variables considered optimal discriminants, so a

multivariate analysis is applied, as explained following.

Table 4.4: Analysis pre-selection requirements prior to BDT training

Selection variables Requirements
1 logIP > 10
2 D χ2

IP < 9
3 χ2

FD > 250
4 χ2

vtx < 12
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Figure 4.3: Set of variables used in D+ → π−π+π+ selection. The signal and
background efficiency for each cut, as well as the correspondent purity are
showed. From this set, only logIP and D χ2

IP show good signal–background
separation, but they do not help to eliminate most of the background.
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Figure 4.4: Second set of variables used in D+ → π−π+π+ selection.
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4.5.2
MVA selection

Once the events were selected, in order to further reject background,

events satisfying this pre-selection are then additionally filtered using a mul-

tivariate analyzer based on a Boosted Decision Tree (BDT) technique [50].

The decision tree method uses variables (from the analysis) that emphasize

the differences between background and signal, allowing a tree to be learned

by recursively splitting the initial sample in many subsamples. The splitting is

performed according to the value of the considered variable on each step (tree

node) that gives the larger discrimination power among signal and background

events. Proceeding this way, each event will reach a node and go down one of

the two branches depending on the value of the variable represented at the

node. After several steps the event will eventually reach a leaf and, once mul-

tiple events have gone through those same selection criteria, there will be many

events populating that leaf. Each leaf is given a score based on the number of

background vs signal events that landed on it. Leaves with a score below 1 (i.e.

there are more background events than signal events) are labeled background

and leaves with a score over 1 are labeled signal.The output of the decision tree

method is known to be highly dependent on the training sample content. To

avoid this instability, the so called boosting strategy is used: at the beginning,

all events are given equal weights, but once the decision tree has been applied,

events landing on leafs labeled as signal are given a weight of 1, while those

landing on background leafs get a weight of -1; if an event (during testing)

lands on a signal leaf when it is actually background (or vice versa) then its

weight is boosted (increased) and a new tree is made with the new weights.

This process can be repeated hundreds of times, leading to a highly trained

boosted decision tree. The renormalized sum of all of the scores is summed for

each event, resulting in all events getting a final score from -1 to 1, meaning

unequivocally background or signal, respectively.

The BDT technique involves a “training”procedure to decide whether

an event is more likely to be signal or background, based in previously

provided signal and background samples. The signal sample is obtained from

truth matched2 MC produced with the 2012 settings. The background sample

is obtained from the sidebands of D+ → π−π+π+ after the initial selection

described above, with mass 1820 < M(π+π−π) > 1830 MeV/c2 and 1910 <
M(π+π−π) > 1920 MeV/c2. The BDT uses 11 variables that are chosen because

they showed better signal and background separation in training tests. There is

2We ensure this by requiring the true ID of the simulated particle to match that of the
data.
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discrimination power between signal and background in all of these variables.

The ranking of the variables from BDT training is shown in Table 4.5.

Table 4.5: Variables used as inputs to train the BDT selection. Variable ranking
from BDT training.

Rank Variable Variable Importance
1 cosDira 1.565e-01
2 logIP 1.418e-01
3 χ2

IP 1.311e-01
4 χ2

vtx 1.169e-01
5 DocaMax 9.356e-02
6 PTsum 9.182e-02
7 PTD 7.893e-02
8 χ2

IP1
6.738e-02

9 χ2
IP2

5.435e-02
10 χ2

IP3
4.886e-02

11 χ2
FD 1.884e-02

The BDT configuration for the training is showed in Table 4.6. After the

final application of this multivariate analysis, we chose a cut with value > 0.75

on the BDT classifier, which gives a purity of 97%, as discussed in the next

section.

Table 4.6: BDT configuration for the training.

Condition Value
NTrees 1000
BoostType Grad
Shrinkage 0.10
UseBaggedBoost true
GradBaggingFraction 0.5
nCuts 20
MaxDepth 2
IgnoreNegWeightsInTraining true

In a first stage, the final selection is determined by maximizing the signi-

ficance ( Signal√
Signal+Background

), where the expected signal and expected background

are computed as the numbers of signal, and background events from the pre-

selection, in the region ±2σ ( ±18 MeV) from the D mass peak. As maximizing

the significance is not a good choice, because of the difficulty to get rid of pionic

background, we choose a tighter cut than that given by the optimization. This

provides a choice of requiring BDT > 0.75.

The results of the BDT training when applied to D+→ π−π+π+ and data

samples are shown in Fig. 4.5. The BDT package transforms the input variables
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Figure 4.5: Output from training showing the BDT efficiencies (up) and signal
and background distributions (down).

into an output variable of signal and background.3

3 In preprocessing, BDT constructs a linear model which decorrelates variables and
combines all correlations into single linear combination of variables. This can be transformed
to an output which can be interpreted as probability. This transformation has to be
monotonic and it can happen that several values of variable transform to the same output,
which yields a peak. Whenever the function is flat a peak occurs at the corresponding value.
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4.6
Invariant mass fit

A one dimensional fit to the D candidate mass distribution is used to

obtain the yields of the signal and backgrounds, that will subsequently be

used in the Dalitz plot fit. The data have been fitted using two Gaussian

functions for the signal and the combinatoric background is modeled by an

exponential function. In this case, the resulting two Gaussian functions have

widths σ1 and σ2, means m1 and m2 and they are weighted by the factors f1

and (1− f1), respectively. The resulting fit can be seen in Fig. 4.6, with signal

shape parameters shown in Table 4.7.

The signal region is defined as a function of the effective mass and width,

as meff ±2σeff , where σeff and meff are the weighted average of the two fitted

Gaussian widths and mean values:

meff = f1 ⋅m1 + (1 − f1) ⋅m2 (4-1)

σeff =
√
f1 ⋅ σ2

1 + (1 − f1) ⋅ σ2
2 (4-2)

this gives a central mass of meff = 1871.21 MeV/c2, a width of σeff =9.04

MeV/c2 and allows to establish the signal region defined by 1853.13 <
M(π−π+π+) < 1889.29 MeV/c2, which will be the sample used for the Dal-

itz plot analysis in Chapter 6.

Within the signal region there are 593 497± 900 events corresponding to

signal and 18 349 ± 201 to background with a purity of 97% calculated within

the 2σeff mass window. This purity was chosen because, after studying several

BDT cuts, trying to maintain the uniformity across the Dalitz, we finally had

to prioritize high purity (due to the background complexity), so we must go

up to 97% purity. The resulting fit can be seen in Figure 4.6, the Dalitz plot

distribution within 2σeff is shown in Fig. 4.7 and the mass sidebands are set

as in Table 4.8.

In order to improve the mass resolution a D mass constraint is applied

during the vertex fit [51]. Throughout the analysis we use variables calculated

with a D mass constraint wherever possible. Exceptions arise, for example,

when we examine distributions corresponding to D mass sidebands. The Dalitz

plot (DP) coordinates are also calculated under this constraint.
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σ1 12.4 ± 0.2 MeV/c2

σ2 7.3 ± 0.1 MeV/c2

m1 1870.2 ± 0.1 MeV/c2

m2 1871.6 ± 0.02 MeV/c2

f1 0.28 ± 0.02

Table 4.7: Signal shape parameters obtained from unbinned fit to the
M(π−π+π+) invariant mass with two Gaussian functions.

Region M(π−π+π+) MeV/c2

Signal 1853.13 – 1889.29
Mass Sidebands 1820.0 – 1830.0

1910.0 – 1920.0

Table 4.8: Signal and sidebands regions
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Figure 4.6: Invariant-mass distribution of D+→ π−π+π+ candidates. The blue
line shows the total D+ pdf, the red line shows the combinatorial background,
the green shows the total signal pdf from the two (light blue) Gaussians.
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Figure 4.7: The π−π+π+ Dalitz plot to be used in the Dalitz plot analysis. The
more visible resonances are also indicated.
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4.7
Signal efficiency variation across the Dalitz plot

As the LHCb detector does not equally select events from regions of the

phase space, the fit to data must include the efficiency variation as a function

of its position on the Dalitz plot to correct biases introduced by selection,

geometry of the detector, trigger and particle identification (PID),

In order to perform the studies the total efficiency is split into contribu-

tions for selection and particle identification effects4. The total efficiency mode

is then calculated as

εtot = εselection × εPID , (4-3)

where

– εselection is the offline selection efficiency, and determined from MC

samples;

– εPID is the particle identification efficiency and is determined from data

using the PIDCalib package tool [52].

The selection efficiency includes the contribution from the offline selec-

tion, εselection, is determined from full-simulation MC samples in which we apply

the same selection as in data.

The PID efficiency, εPID, is determined from calibration data, reweighed

to the signal kinematics and track multiplicity (from MC), using the PIDCalib

tool. The evaluation of the calibration sample efficiency was performed separ-

ately for positive and negative tracks and was also split by magnet polarity.

We then use the PIDCalib multibody tools with the signal MC samples as the

reference for the kinematics (specifically p and pT of the bachelor tracks) and

the distribution of nTracks sampled from the D+ → π−π+π+ data. For each

signal MC event, the PID efficiency was evaluated by using the appropriate

efficiency maps to find the PID efficiency of each bachelor track. The total PID

efficiency for a single event is then defined as the product of the two bachelor

track efficiencies. This method correctly accounts for the correlation between

the kinematics of the two bachelor tracks (expressed in terms of p and pT) and

for the track multiplicity of the event.

The total efficiency is the product of the components shown in Equa-

tion 4-3. In order to avoid statistical fluctuations, the resulting histogram is

smoothed using a third order polynomial spline function. After the histograms

being spline-smoothed the outcome εtot is shown in Figure 4.8, were we use the

4We do not include correction for the geometry and trigger effects
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so–called square Dalitz plot, which is defined by a coordinate transforma-

tion to the kinematic variables that maps the Dalitz plot into a rectangle. This

transformation avoids the curved edge of bins on the boundary, which simpli-

fies the use of non-parametric PDFs (histograms) to model the distribution of

events over the Dalitz plot. The new coordinates are

m′ = 1

π
cos−1 (2

m12 −mmin

mmax −mmin
− 1) , (4-4)

θ′ = 1

π
θ13 , (4-5)

θ′,m′ , 0 ≤ θ′,m′ ≤ 1 , (4-6)

where θ13 is the angle between particles 1 and 3 in the 12 rest frame.

As we have two identical (π+π+) particles in the final state, the Dalitz

plot distribution is symmetrical with respect to the line s12 = s13. In this sense,

we prefer to use the so–called folded Dalitz plot.
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Figure 4.8: (Top) Total efficiency across the D+ → π−π+π+ Dalitz plot
histogram obtained after applying the selection criteria and weighed using the
PIDCalib package. (Bottom) the (left) same histogram in squared coordinates
and (right) smoothed square DP using a cubic spline function.

4.8
Background

As discussed in Section 4.6, we define the sidebands of the

D+ → π−π+π+ decay as being on the intervals [1820.0,1830.0]MeV/c2 and

[1910.0,1920.0]MeV/c2 respectively. The Figure 4.9 shows the folded Dalitz

plot distributions for these mass intervals. We parameterize this sidebands

using a cubic spline polynomial function, in order to minimize statistical

fluctuations. This result is showed in Figure 4.10.

We also experienced difficulties to get rid of the K0
s contribution. As its

contribution falls directly within the Dalitz plot, we apply a veto on its mass

region: [484.8,505.0]MeV/c2. Figure 4.11 shows a data Dalitz plot distribution

in which the K0
s veto was applyed.
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Figure 4.9: Plot of sidebands for the selection with 97% of purity. As seen, is
difficult to get rid of the background, even goint up to a high purity.

Figure 4.10: Fitted Square DP obtained using spline interpolation for the
sidebands regions showed above.
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Figure 4.11: Dalitz plot distribution illustrating the veto applied on the K0
s

mass region.
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5

Dalitz plot fitting

In this chapter we present the most common formalism used to represent

the D+→ π−π+π+ decays through its possible resonant amplitudes. We shall

also develop the models to be used to perform the fit to data employing the

total decay amplitude described in Chapter 2, in order to construct the total

probability density function (PDF) which will be minimized by the Maximum

Likelihood method within the Dalitz plot fitting program that we use, the

Rio+ [53], developed by members of the LHCb Charm Rio Group (including

myself) and used for the first time in LHCb analysis.

Because our data sample, besides containing real decay events, also has

a small contamination of background events, and as we have also seen that

efficiency effects distort the events distribution on the Dalitz plot, we must be

able to build a fit model that takes into consideration all these features.

Considering the above mentioned, the following steps have been taken:

– Define a signal window for the D+ signal peak to enhance purity. A

window of ±2σeff was taken, where σeff is the effective fitted width of the

D+ peak in Sec. 4.6. This corresponds to 1853.13 <M(π−π+π+) < 1889.29

MeV/c2.

– Obtain a histogram of the efficiency variation across the Dalitz plot,

evaluated from signal MC events, as described in Sec. 4.7.

– Obtain the Dalitz plot distribution of background events in the D signal

region, described in Sec. 4.6.

– Within the Isobar Model, identify which resonances must be added to the

fit model. This is done by including the expected contributions, adding

then other possible ones, and eventually removing those which prove not

to be significant. Resonance parameters like masses and widths are fitted

in some cases.

– A model-independent fit for the S–wave (MIPWA) is then implemented,

where the π+π− mass is divided in bins and magnitudes and phases are

extracted for this scalar sector.
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5.1
Signal and Background PDF

The Dalitz plot of the D+→ π−π+π+ events is represented by a probability

density function (PDF) which consists of signal and background probability

functions. For the purpose of reference within the fitting package, and consid-

ering that the π−π+ resonances lie in the (1,2) and (1,3) system, we choose

to define the Dalitz plot in terms of the first two kinematic variables, as in

Section 2.2, which from here on we shall designate s12 and s13, respectively.

We form the Dalitz plot amplitudes using the Isobar Model described

in Sec. 2.4.1, which considers the total amplitude as resulting from a sum of

amplitudes from the individual decay channels. As we have seen such coherent

total amplitude is given by:

A(s12, s13) = aNReiδNR +∑
i

aie
iδi [Ai(s12, s13) + Ai(s13, s12)] , (5-1)

where Ai(s12, s13) are the dynamical amplitudes described in the Section 2.3

and ai, δi are the parameters describing, respectively, the relative magnitude

and phase of the different decay channels. In Eq. 5-1,the amplitude is explicitly

symmetrized with respect to s12 and s13 due to the two identical π+ in the final

state. The signal Dalitz-plot probability function, is therefore, in the absence

of any reconstruction effects;

Psig(s12, s13) ∼ ∣A(s12, s13)∣2, (5-2)

The total PDF is given by the sum of those signal and background probability

functions

PDF(s12, s13) =
Psig
Nsig

(s12, s13)×ε(s12, s13)×fs +
Pbkg
Nbkg

(m2
12,m

2
13)×(1 − fs) (5-3)

The signal fraction fs, obtained from the mass fit and ε(s12, s13) is the

acceptance across the DP, Thats is, the smoothed function obtained in Sec. 4.7

and shown in Fig. 4.8, is the signal purity. The factors Nsig and Nbkg guarantees

that both signal and background PDF’s are individually normalized.

We parameterize the combinatorial background using the histogram

obtained from sidebands, as shown in Fig. 4.10. By doing so, we suppose that

the combinatorial background contributing to the Dalitz plot in the signal

region assumes the same form at the sidebands.
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5.2
Fitting procedure

To determine the complex amplitudes in a specific model, the data

is fitted maximizing the total PDF(s12, s13) using the unbinned likelihood

technique, written as the product on all events, of the fitting function value

for each event i
L =

N

∏
i=1
PDF(s12, s13∣α⃗), (5-4)

where N is the total number of candidates, and α⃗ represents the set of

parameters to be determined by the fit. In the Isobar Model, these parameters

are the magnitudes ai and phases δi of each resonance, but it can be extended

to include masses and widths of resonances or any other parameter, as needed.

In the MI–PWA fit, this set of parameters consists of the magnitudes and

phases of the S–wave at each mπ+π− bin edge, along with the ai and δi from

spin-1 and spin-2 resonances. The likelihood technique consists in finding the

set of parameters α⃗ that maximizes L, i.e. to find the function that gives

the maximum value for all events. To use this technique, we use the ROOT’s

MINUIT package which minimizes the logarithm of a fcn function defined as

fcn = −2lnL = −2
N

∑ ln (PDF(s12, s13∣α⃗)) (5-5)

In order to get the fit to a properly convergence in the maximum

likelihood method, the total PDF needs to be normalized over the whole Dalitz

plot,

∫ ∫
DP

∣PDF s,b(s12, s13)∣2 ds12 ds13 = 1 , (5-6)

This is guaranteed by Eq.(5-3), by means of the Nsig and Nbkg calcula-

tions, accomplished by using Gaus-Legendre integration method [54].

The probability of a certain final state being formed via a particular

resonance is what we call decay fraction. Fractions are obtained from the

fitted amplitudes, and errors are calculated using the error matrix provided

by MINUIT. For a particular resonance i, the fraction fi and its error, δfi, are

given by:

fi = ∫
ds1ds2∣Ai∣2
Nf

= a
2
i ⋅Nii

Nf

, (5-7)

(δfi)2 = ∑
j,k

∂fi
∂αj

∂fi
∂αk

cov(αj, αk) (5-8)

where Nii and Nf are the resonance i integral and the total DP integral,

respectively, and cov(αj, αk) is the error matrix. For more details on the

fractions calculation see Appendix B.
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The unbinned maximum likelihood fit is not extended - just the shape

of the Dalitz plot is being fitted. The ρ(770)π channel is chosen as reference,

with magnitude aρ(770)π and phase δρ(770)π set to 1 and 0, respectively.

5.3
Fitting algorithm consistency test

To have confidence that the parameters found in the fit are being obtained

correctly, it is necessary to carry out the fitting algorithm consistency tests,

even more as our tool is being used for the first time in Dalitz plot analyses.

If a particular model correctly describes the data, the program shall be able

to find the optimal parameters. Additionally, being this the first time that the

Model Independent Partial Wave Analysis MI-PWA is being implemented on

this channel, we also tested this method on toy MC samples. In this way, we

present below the test results for both the isobar model and MI-PWA.

5.3.1
Isobar model consistency test

The code is validated by fitting ensembles of toy MC samples generated

according to the same model and comparing the fit results with the generation

parameters. A large number of samples is generated and fitted in order to make

a statistically significant comparison. We use for this test a simplified model

of the D+→ π−π+π+ decay, inspired by the best fit obtained by E791, with the

central values of table 5.1 as the generation parameters.

Contribution E791
NR 7.8 ± 6.0
ρ(770)π+ 33.6 ± 3.2
f0(980)π+ 6.2 ± 1.3
f2(1270)π+ 19.4 ± 2.5
f0(1370)π+ 2.3 ± 1.5
ρ(1450)π+ 0.7 ± 0.7
σπ+ 46.3 ± 9.0

Table 5.1: Generation parameters of the code validation tests, inspired in the
E791 model.
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The procedure to make this test is based on the following steps:

– We generated a set of N samples of toyMC, where the events are obtained

according to the total probability function from Equation (5-3).

– We fit each toy MC sample, thereby obtaining a distribution of values

for each set of parameters. The average value of each distribution should

be compared with the value of the corresponding parameter used in

the generation of the samples. Also the standard deviation of each

distribution is compared to the error provided by MINUIT.

We made this test generating 1000 samples with 100 000 events each.

A histogram for each fitted parameter is filled with fit results and fitted with

a Gaussian, as seen in figure 5.1. If the fit is working properly, the fitted

parameter distribution is expected to be Gaussian with mean equal to the

parameter value used in generation. Also, the Gaussian width is expected to

be compatible with the error given by the fitter.
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Figure 5.1: Fit results for the imaginary part of the f0(1370) resonant coef-
ficient. On the left we see the distribution of fit results for the parameter
itself, while on the right we see the error distribution, both fitted by Gaussian
functions.

Another validation test was performed by comparing Rio+ with the

Laura++ package. In order to obtain the same results we had to modify the

definition of our PDF1 so that it matched that of Laura++. Corrected for these

differences, we found that Laura++ and Rio+ fitters are in good agreement,

as shown in table 5.3.1 from the fits to a toyMC sample with both packages.

Amplitudes are not comparable due to distinct normalization strategies.

Having obtained satisfactory results from the consistency test, we pro-

ceeded to test the MI-PWA fitting algorithm.

1In Laura++ the Blatt-Weisskopf form factor for the mother (B or D) decay vertex uses
the bachelor momentum computed in the resonance frame.
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Resonance Amplitude Phase Fraction

Rio+ Fit
ρ(770) 1.00±fixed 0.0±fixed 54.9±2.1
f0(980) 1.56±0.03 −47.0±2.4 20.8±1.3
f2(1270) 0.31±0.01 26.0±5.8 2.3±0.4
ρ(1450) 2.09±0.14 74.8±6.6 4.5±1.0
f0X 1.56±0.18 37.7±6.6 2.1±1.0
σ(500) 3.08±0.10 66.1±1.7 19.1±1.9

Laura++ Fit
ρ(770) 1.00±fixed 0.0±fixed 54.9
f0(980) 0.62±0.01 −46.9±2.4 20.9
f2(1270) 0.21±0.01 25.2±5.9 2.4
ρ(1450) 0.29±0.02 74.4±6.8 4.5
f0X 0.20±0.02 37.1±6.7 2.2
σ(500) 0.59±0.02 66.3±1.7 19.1

5.3.2
MI-PWA consistency test

In the case of the MI-PWA fit the approach is different, we have many

more free parameters, contemplating to have a model independent description

of the S–wave composition. At each fit iteration, a set of 2n+2 parameters, for

the n edges of the mass bins, are floated. As the fit is model independent, the

2n + 2 parameters from the iteration i are interpolated in the mass bins until

obtained the best set of parameters describing the model. This interpolation is

done by means of cubic spline functions, which are a special type of piecewise

polynomial that depends on its first and second derivatives, calculated at the

two edges of each bin, permitting to smooth the shape of the S-wave in such a

way that it can be described by a continuous function. One source of difficulty

of this method is the fact that the spline function for the mass interval k,

depends on the boundary conditions (first and second derivatives) of the k − 1

and k + 1 endpoints, so we may need to define by hand, boundary conditions

at the first and last points of the total mass interval i.e. at the points 0 and

n+1. To overcome this, the most general solution is setting to zero the second

derivative of those two boundary points.

The consistency test on the fitting algorithm is carried out as follows:

– We construct a model comprised of S, P and D waves.

– The S–wave contains the σ(500), f0(980) and f0X resonances, while
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ρ(770), ρ(1540) are included in the P–wave and f2(1270) for the D–

wave.

– Using our local toy MC generator included in the Rio+ package, we gen-

erate one sample with the above Isobar Model, modeling all resonances

with Breit–Wigner propagators.

– For the fit, the π+π− mass region is divided into n bins, corresponding

to n + 1 endpoints.

– We take the generated parameters (magnitudes and phases) for the S–

wave components and calculate its analytical coefficients at each bin edge

to give them as input for the MI-PWA fit.

– We make no assumption about the composition of the S–wave (the above

coefficients are only starting points for the fit).

– The S–wave parameters are floated, and interpolated at each bin edge

with cubic spline polynomial functions.

– The P and D–wave resonances are assumed well modeled by the Isobar

Model, thus they are parameterized in the fit using Breit–Wigner formu-

lation.

– The total fit is performed, using as reference the ρ(770) parameters.

– After the minimization, the parameters from P and D–wave resonances

must be compatibles, and the magnitude and phase distribution of the

S–wave must be similar to the one generated analytically.

To perform this test, we generated one sample with 500 000 events in the

Isobar Model form and fit the S–wave component with the Rio+ fitter package

using 40 bins for the MI-PWA. These results are shown in Fig. 5.2. We observe

that the MI-PWA fit is in good agreement with the Isobar Generated sample

thus we conclude that this tool is working nearly perfectly and it can be used

to perform the Model Independent Partial Wave Analysis on real data.
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Figure 5.2: Results of the MI-PWA consistency test. Up: comparison of the
distribution from the generated toy MC sample (black dots) and the PDF with
parameters from fit (blue line). The light color lines represent the lineshapes of
the individual contributions. Down: comparison of the generated (red line) and
fitted (blue dots) S–wave. We can see that both the isobar generated sample,
and the MI-PWA fit projections are in good agreement and hence we can be
confident on the results when this method is applied to data.

5.3.3
Quality of Fit

Conducive to quantitatively check the quality of the fit, as well as to

compare differences between models, we calculate the fit probability using the

p-value (obtained from ∑χ2

ndof ) as an estimate of the goodness of fit. The χ2 is

calculated from the differences between observed toy MC generated from the

model used and the expected data in each bin of a 2-dimensional histogram2:

2Although we are using a binned technique to evaluate an unbinned fit, and as it is widely
known that there is no complete solution to the problem of Goodness of Fit (GoF) [55] for
this case, thus the statement “quantitatively compare” must not be interpreted as a global
quantity itself, but as how much the PDF from model-x1, is likely to describe the data, if
compared to model-x2. The multi-dimensional χ2 values are calculated using an adaptive
binning scheme to ensure sufficient statistics in each of the bins. Only bins with at least 20
signal events are allowed to split.
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χ2 = ∑
Nbins
i=1 [(oi − ei)2]

ei
, (5-9)

P = Prob (χ2,ndof)
where

– oi is the observed number of data events in each bin according to the

fitted likelihood function.

– ei is the expected number of events in each bin according to the data

distribution.

– P represents the p-value for the given χ2 and numbers of degrees of

freedom,

– The degrees of freedom are calculated as ndof = Nbins −Nfreeparameters − 1,

– Nbins is the number of bins filled with a pre-stated minimum number of

events,

– Nfreeparameters−1 is the number of free parameters in the fit (the −1 stands

because each model is normalized to the observed data events)

We tested uniform and non uniform binning schemes. As generally the fit

is better at some regions and worse at other, we used a non uniform binning

scheme with 400 bins, aiming to favor those regions more populated of the

Dalitz plot.
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6

Results

We can now present in this Chapter the main results for both, the Isobar

and the Model Independent PWA approaches for the D+→ π−π+π+ decay. To

study the resonant structures of this decay we use 611 846 signal candidates

with invariant mass within ±18.09 MeV around the 3π mass peak which also

includes 3% of background. The most relevant results for the Isobar Model

are showed first and then we take an acceptable isobar result as input for the

S-wave in the MI-PWA fit. Finally, in order to make an idea on the relevance

of the π+π−S-wave amplitude, we compare results obtained employing both

methods.

6.1
Resonance models

Apart from non-resonance (NR), possible resonance candidates in the

decay D+→ π−π+π+ with corresponding variations of the formalism are listed

in Table 6.1. We use the Bugg and Flattê line-shapes for the σ(500) and

the f0(980), respectively, and the Gounaris–Sakurai formalism for the ρ(770)
and ρ(1450). The ρ(770) − ω(782) interference is also taken into account. As

stated in section 2.4.2, a direct ω → π+π− decay is forbidden, but the final

state can also be reached via interference with ρ(770), so we include in the

latter’s parameterization the interference coming from ω(782). The values of

the meson interaction radii are rR = 1.5 GeV−1 and rD = 5.0 GeV−1 respectively.

Table 6.1: Resonances that are included in the fit to the data sample. Parameters
(and uncertainties) are taken from the PDG [56] unless stated otherwise.

ππ state spin PDG Model

Mass(MeV) Width (MeV)
f0(500)(σ) 0 400 - 500 (478) 400 - 700 (324) Bugg, BW, CP
ρ(770) 1 775.49 ± 0.34 149.1 ± 0.8 GS, BW, ρ − ω interf.
f0(980) 0 990 ± 20 (965) 40 - 100 (70) Flattê, BW
f2(1270) 2 1275.1 ± 1.2 185.1+2.9−2.4 BW
f0(1370) 0 1200-1500 (1434) 200 - 500 (173) BW
ρ(1450) 1 1465 ± 25 400 ± 60 GS BW
f0(1500) 0 1505 ± 6 109 ± 7 BW
f′2(1525) 2 1525 ± 5 73+6−5 BW
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We take the CLEO model as reference, despite the different resonance

parameters and the σ(500) parameterization, which they modeled as a complex

pole. The nomenclature describing the models gives first the baseline CLEO,

model–1, and then “+” for any additions of resonances from Table 6.1, until

reach the model–n, for the n–th one addition or change. The model–1 contains

the resonances σ(500), ρ(770), f0(980), f2(1270), f0(1500) and the non–

resonance term, NR. If we add ρ(1450) to this model we obtain model–

1 + f0(1500) i.e. (model–2) and so on. In model–(n + 1) we start the fit near

the local minimum found in model–n.

In initial fits we found the fit in the regions of the σ(500) and f0(1370)
states to be poor so the masses and widths of these states are also floated,

giving rise to model–x, for x ≥ 4.

The nominal fit model includes all of the resonances listed in Table 6.2,

modeled as described in section 2.4.1. It uses the isobar model and is an un-

binned maximum likelihood fit, performed using the Rio+ DP fitting pack-

age [53], obtaining magnitudes, phases (and masses and widths where applic-

able) and decaying fractions for every (non–) resonant contribution, taking as

reference the ρ(770) resonance parameters (i.e. with aρ(770) = 1, δρ(770) = 0

fixed).

Model 1 2 3 4 5 6

ρ(770) ! ! ! ! ! !

f0(980) ! ! ! ! ! !

f2(1270) ! ! ! ! ! !

ρ(1450) % ! ! ! ! !

f0X ! ! ! ! ! !

σ(500) ! ! ! ! ! !

NR % % ! ! ! !

f0(1500) ! ! ! ! ! !

! : Included, fixed m0, Γ0

! : Included, floating m0, Γ0

% : Not included

Table 6.2: Distribution of the different models used in the fit (the color
nomenclature stands only for illustrating purposes and it is not used in any
other place).

6.2
Isobar fit results

Now we present the results for each of the models showed in Table 6.2.

These results are presented as follows: Starting with the CLEO model (baseline
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model–1), we provide a brief description for the result of every model along

with its correspondent tabulated values for magnitudes, phases and fit fractions

for each resonance state. As this decay consists of three identical particles in

the final state, the Dalitz invariants s12 and s13 are equal, therefore, presenting

projections of these variables would add no relevant information. In this sense,

we show the figures of the results on the so–called folded Dalitz plot, consisting

of projections of the low and high mass along the s12 = s13 line.

Model 1: This is the baseline model. As can be seen on Figure 6.1, this fit

is very poor but we can also see that the σ(500) dominates the D+→ π−π+π+

decay with almost half of the total contribution, followed by ρ(770) with a

fifth part, as Table 6.3 shows. These results are compatible with the ones from

CLEO, in which σ(500) and ρ(770) contribute each with ∼ 42% and ∼ 20%

respectively.

Resonance Magnitude Phase (○) Fraction (%)

ρ(770) 1 [fixed] 0 [fixed] 20.7±0.2
f0(980) 4.2±0.012 -159.2±0.5 8.2±0.2
f2(1270) 1.2±0.004 94.6±0.4 13.2±0.1
f0(1370) 2.8±0.04 -179±1.1 3.7±0.2
σ(500) 23.1±0.1 -99.6±0.2 49.6±0.6
f0(1500) 2.4±0.04 154.7±0.8 3.3±0.2

Total 98.7

Table 6.3: Results for magnitude, phase and fit fractions for the model–1. As
mentioned above, σ(500) and ρ(770) dominates the decay. We can also observe
secondary contributions from f2(1270) and f0(980).
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Figure 6.1: Squared mass (slow, shigh) projections for the model–1. The dotted
distribution represents the data, while the dark blue line represent the total PDF
from the fit. Lineshapes for the intensity of individual contributions are also shown.

Model 2: In this model we add the ρ(1450) contribution. Whereas its fit

fraction is very tiny, we found in latter fits that when not including its

contribution, the total PDF description gets worse. Table 6.4 and Figure 6.2

show the fit results for this model.

Resonance Magnitude Phase (○) Fraction (%)

ρ(770) 1 [fixed] 0 [fixed] 20.4±0.2
f0(980) 4.4±0.02 -162.1±0.5 8.8±0.2
f2(1270) 1.2±0.01 86±0.6 13.7±0.1
ρ(1450) 0.9±0.04 15.2±1.2 0.5±0.1
f0(1370) 2.8±0.04 171.3±1.2 3.6±0.2
σ(500) 22.6±0.1 -102.8±0.3 46.5±0.7
f0(1500) 2.2±0.05 153.8±0.9 2.9±0.2

Total 96.4

Table 6.4: Results for the model–2. This is model–1 plus ρ(1450) resonance. It
can be seen that the ρ(1450) fit fraction very small although not negligible.
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Figure 6.2: slow and shigh projections for the model–2 PDF. Including the
ρ(1450) resonance to model–1 does not improves the fit quality substantially
but its contribution can not be ignored.

Model 3: In this model we add the non–resonant (NR) contribution. It is

interesting to note that, while the ρ(1450) fraction is maintained, the f0(1370)
contribution drops significantly. Those results are shown in Table 6.2 and

Figure 6.3

Resonance Magnitude Phase (○) Fraction (%)

ρ(770) 1 [fixed] 0 [fixed] 24.1±0.3
f0(980) 3.9±0.02 -157.9±0.5 8.1±0.2
f2(1270) 1.1±0.01 89±0.5 14.5±0.2
ρ(1450) 0.7±0.03 -80.2±2.5 0.4±0.1
f0(1370) 0.9±0.05 -175.6±3.3 0.4±0.1
σ(500) 23.2±0.2 -88.1±0.4 58.2±1.5
NR 10.1±0.2 -148.3±1.1 7.5±0.6
f0(1500) 2.1±0.04 -179.5±1.1 2.9±0.2

Total 116.02

Table 6.5: Fit results for the model–3, which consists of model–2 plus the NR
term. In this model we observe that all the contributions, but ρ(1450), f0(1370)
and f0(1500), are increased, while the NR fit fraction is about 8%, which means
that it cannot be neglected.
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Figure 6.3: Results for the model–3 are shown in this figure. It can be observed
that the fit gets a little better on the high mass region, but even considering
eight contributions, the isobar model does not give an acceptable result.

As the above fits are very poor, we allowed to float masses and widths of

those not well established resonances. These results are shown in the following

paragraphs.

Model 4: In this model we allowed to float mass and width for f0(1370)
(f0X) resonance. As shown, although not satisfactory, the fit is slightly better

than those with fix parameters. The fitted mass and width are respectively,

mf0(1370) = 1.205±0.005 GeV and Γf0(1370) = 0.351±0.001 GeV. It can be seen in

Figure 6.4 that the fit has a slight improvement on the f0X region. Table 6.6

shows that the f0X fraction also increases a bit but not nearly enough for a

good description of the data.
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Resonance Magnitude Phase (○) Fraction (%)

ρ(770) 1 [fixed] 0 [fixed] 25.5±0.7
f0(980) 4.2±0.02 -159.2±0.5 10.1±0.3
f2(1270) 1.1±0.004 85.2±0.4 14±0.4
ρ(1450) 0.5±0.02 -55.4±4.3 0.2±0.02
f0(1370) 2.2±0.05 121.3±2.4 2.4±0.2
σ(500) 22.2±0.2 -89.9±0.4 56.1±2.2
NR 7.5±0.2 -140.4±1.8 4.3±0.4
f0(1500) 2.1±0.03 177.9±0.7 3.2±0.2

Total 115.7

Table 6.6: Results for model–4. In this fit we allowed to float mass and width
for f0X. We observe that, compared to model–3, the f0X fit fractions increases
six times, while the NR decreases half of its previous value.

]4c/2 [GeV,low+π-πS

0.5 1 1.5

E
n

tr
ie

s

0

2000

4000

6000

8000

10000

12000

14000

16000

18000
 = 8 TeV Datas 

LHCb unofficial (770)ρ
(980)0f
(1270)2f
(1450) ρ
(1370)0f
(500)σ

NR
(1500)0f

BkgHist

P
u

ll

5−

0

5

]4c/2 [GeV,high+π-πS
1 2 3

E
n

tr
ie

s

0

2000

4000

6000

8000

10000

12000

14000
 = 8 TeV Datas 

LHCb unofficial

P
u

ll

5−

0

5

Figure 6.4: Squared mass projections illustrating model–4 reults. The f0X
region gets better described when floating its mass and width.

Model 5: In this model the mass and width for σ(500) resonance are allowed

to float. The fitted values are respectively, mσ(500) = 0.544 ± 0.002 GeV and

Γσ(500) = 0.423±0.003 GeV. It can be seen in Figure 6.5 that the fit has a slight

improvement on the σ(500) region. Table 6.7 shows these results. One can

observe that just floating mass and width for σ(500) is not enough for a god

description of the data, and is also important to highlight that the σ(500) fit

fraction is only 35% in this model.
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Resonance Magnitude Phase (○) Fraction (%)

ρ(770) 1 [fixed] 0 [fixed] 27.2±0.7
f0(980) 3.7±0.02 -157.8±0.5 8.2±0.3
f2(1270) 1±0.004 83±0.4 13.8±0.3
ρ(1450) 0.5±0.02 -54.1±3.5 0.2±0.04
f0(1370) 0.3±0.04 117±8.6 0.1±0.04
σ(500) 5.8±0.1 -135.8±0.9 34.8±1
NR 10.5±0.3 -110±0.9 9.1±0.8
f0(1500) 1.7±0.03 -171.4±1.4 2.2±0.2

Total 95.7

Table 6.7: Model–5 results when mass and width for σ(500) are allowed to
float. The main point here is the lower σ(500) fit fraction, compared to previous
models.
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Figure 6.5: Projection for model–5. As observed, we do not obtain a good fit
when floating the σ(500) mass and width.

Model 6: As observed above, fitting with fixed resonance parameters or

only allowing to float either the f0X or the f0(500) parameters, the fit is not

satisfactory. Following with this idea, we allowed to float mass and width for

both the f0X and the f0(500) and compared with the results from previous

models.

The fitted mass and width for f0X are respectively, mf0(1370) = 1.551 ±
0.0004 GeV, Γf0(1370) = 0.351 ± 0.0003 GeV, while the correspondent mass and

width for f0(500) are mσ(500) = 0.506 ± 0.002 GeV, Γσ(500) = 0.424 ± 0.003 GeV.

As seen in Figure 6.4 and in Table 6.6, even with eighteen free parameters, we
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do not have a decent description for the data.

Resonance Magnitude Phase (○) Fraction (%)

ρ(770) 1 [fixed] 0 [fixed] 26.2±0.3
f0(980) 3.9±0 -162.8±0.5 8.8±0.2
f2(1270) 1±0 79.4±0.5 13.2±0.2
ρ(1450) 0.5±0 27.5±2.5 0.2±0.1
f0(1370) 4.8±0.1 -179.7±1.3 5.2±0.5
σ(500) 5.5±0.1 -152.9±0.8 30.2±1.2
NR 2.9±0.2 -52.6±5.4 0.7±0.2
f0(1500) 1.1±0 -159.9±0.1 0.9±0.1

Total 85.4

Table 6.8: Results for model–6, with eight resonances, with free masses and
widths for f0X and σ(500). This model increases the f0X portion but maintain
a low σ(500) fit fraction and lowers the non–resonant contribution.
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Figure 6.6: Results for the model–6 are shown. In this figure it is possible to
observe the complications that presents the isobar model for the D+→ π−π+π+

channel: even including all possible contributions, and floating the not well
defined resonance parameters, the fit continues providing a poor performance.

6.2.1
Summary of Isobar Model results

In the previous section, the fit results for the Isobar Model, with some

of its more relevant variants, were presented. Figure 6.7 shows a comparison

of the fractions and phases for the model–3, which showed an acceptable
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Model 1 2 3 4 5 6
ρ(770) 20.7±0.2 20.4±0.2 24.1±0.3 25.4 ±0.7 27.2± 0.7 26.1±0.3
f0(980) 8.2±0.1 8.8±0.2 8.1± 0.2 10.1 ±0.3 8.2 ±0.3 8.8±0.2
f2(1270) 13.2±0.2 13.7±0.1 14.5±0.2 14.04±0.4 13.8 ±0.3 13.2±0.2

ρ(1450) % 0.5±0.1 0.4± 0.1 0.2 ±0.02 0.2 ±0.04 0.2±0.05
f0X 3.7±0.2 3.6±0.2 0.4± 0.1 2.4 ±0.2 0.1 ±0.04 5.2±0.5
σ(500) 49.6±0.6 46.5±0.7 58.2±1.4 56.1 ±2.2 34.8 ±1.0 30.2±1.2

NR % % 7.5± 0.6 4.3 ±0.4 9.1 ±0.8 0.7±0.2
f0(1500) 3.3±0.2 2.9±0.2 2.9± 0.2 3.2 ±0.2 2.2 ±0.2 0.9±0.1
Total 98.7 96.4 116.02 115.7 95.7 85.4

Table 6.9: Summary of the models fitted using the Isobar Model. Results for
all the relevant models are showed.

behavior. Table 6.9 summarizes the fit fractions and the total sum of fractions

for all models, it can be seen that in all cases, the S-wave, which includes

f0(500), f0(980), f0(1370), f0(1500) and NR, dominates the decay. The D-

wave, f2(1270), is less than 15% for all models.

Generally speaking, a Dalitz plot analysis using Isobar Model may not

be enough to achieve a correct description of the D+→ π−π+π+ decay, thus the

Model Independent Partial Wave Analysis must be implemented. Nevertheless,

if we look in general, we can observe that even the simplest (CLEO) model

gives a reasonable fit at low mass (if compared to the rest of the presented

models), the main complication comes from the high mass region, where we

have the f0(1370) resonance (with mass and width poorly delimited), together

with the f2(1270), ρ(1450) and f0(1500), hence a better formulation of this

scenario is needed, to include in the model another hidden effects that we

probably are not taking into account.

On the other hand, during the course of this research we made a lot

of tests not mentioned above. We attempted to experimentally measure the

ρ−ω mixing parameters, we also floated the parameters of the Flattê function

used to model the f0(980), and also allowed to float masses and widths of

some resonances. In none of the cases we obtained an acceptable result, but

this behavior was already expected, mainly because of the exposed in the last

paragraph.
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Figure 6.7: Polar coordinates comparison of fitted quantities for model–3. The
radial r component represents the fit fraction, and θ is the phase. It can be
observed that the main contribution comes from σ(500).

6.3
MI-PWA fit results

As we have seen in the previous section, using the isobar model is not

enough for a correct description of the data, either considering that the decay

D+→ π−π+π+ is too complex or because the fit is dependent on model. The

quasi model independent partial wave analysis used in this thesis considers the

isobar model to describe P and D waves, whereas the S–wave description is

constructed independent of any model, as described in Sec. 2.4.4

The contemplated resonant states for the P–wave are ρ(770) and

ρ(1450), while the f2(1270) is included for the D–wave. The data fit using

this approach gives magnitudes and phases for each considered resonance1

1The fit considers the S–wave as an individual component, so a global phase for the
S–wave is fixed.
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contributing to the D+→ π−π+π+, as well as the magnitude and phase for each

π+π− mass interval, for the S–wave.

In this analysis we divide the π+π− spectrum in 40 mass intervals (41 end

points), totalizing 82 free parameters to be determined by the fit. Apart from

the fixed ρ(770) reference parameters, we have 4 parameters from the isobars

corresponding to P and D waves, so we have a total of 86 free parameters to

be fitted.

Table 6.10 shows the fit result in the form of magnitudes, phases and

fractions for the considered contributions from P , D waves, as well as the

S–wave, which contribution is predominant, as observed.

Resonance Magnitude Phase (○) Fraction
(%)

ρ(770) 1 [fixed] 0 [fixed] 18.5±0.1
f2(1270) 1.4±0 90.7±0.5 15.5±0.4
ρ(1450) 0.002±0.0001 -179.7±2.3 0.03±0.001
PPS−Wave 1 0 60.8±0.3

Total 94.9

Table 6.10: Results of the magnitude, phase and fraction for every included
contribution on the MI-PWA fit. We can observe that the S–wave dominates
de decay, with secondary contributions from ρ(770) and f2(1270). The ρ(1450)
fit fraction is compatible with zero. In this fit, we used 86 free parameters, 82
from the S–wave and 4 for the f2(1270) and ρ(1450) resonances parameters.

The projections for the three invariant masses, as well as the χ2 of the

fit, are represented in Fig. 6.8. The quality of fit is superior to the one obtained

from isobar model, as expected, since the S–wave is described by a much larger

number of parameters and is not associated to any model.

The Figure 6.9 shows the intensity and phase variation of the S–wave

as function of the π+π− mass. We can observe that the S–wave populates

the whole π+π− mass spectrum and it is more intense on the low mass

region, i.e. below 1 GeV/c2 threshold. Is interesting the fact that the S–wave

reaches its minimum values at both sides of the f0(980). This behavior could

be interpreted as an effect of destructive interference between the S–wave

components, this is, the f0(980) interferes destructively with σ(500) as well as

with f0(1370).
Another important point on the MI–PWA fit is the fact that the ρ(1450)

contribution is compatible with zero and hence negligible. The origin of this

behavior is unclear, however, the fit gets worse if we remove this contribution.

We observed the same behavior on the isobar model fit.
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It is also observed a significant phase variation along all the spectrum,

with minimum value of -1200 at the low mass threshold, with high variation

at the f0(980) region and a significant oscillation at the f0(1370) region.

The results for magnitudes and phases of the considered mass intervals,

concerning to the S–wave, are shown in Table 6.11.
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Figure 6.9: Magnitude and phase projections for the parameter distribution
obtained from fit to data using Model Independent Partial Wave Analysis
(MI-PWA) with 40 bins.

In general, although is being implemented for the first time on this chan-

nel, we can note that the MI-PWA fit is acceptable, with slight imperfections

in the low mass region, specifically in the regions on the ρ(770) and f0(980)
resonances. Our explanation for this behavior is that in the first case, we have

an interfering term coming from ω(782), with empirical parameters still need-

ing to be better studied because, although we allowed them to float, it was not

possible to obtain a good description of the ρ − ω interference. For the second

case, the difficulty in describing correctly the data comes from the fact that

the f0(980) width is too narrow and it is located at a high interference region,

with contributions from almost all the rest of the S–wave components.

On the other hand, there is still room to improve this study, since is a

relatively new research, we already have well developed the main tools of the

analysis and new data has started to be taken recently at LHCb, therefore,

we can analyze this channel with more statistics, using more sophisticated

methods and techniques, as the case of implementing parallel calculations

through GPU’s (Graphics Process Unity), which allows to perform the fits

in a tiny fraction of the time that it normally takes.
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Bin mπ+π− Magnitude Phase (0)
( GeV/c2)

1 0.27 32.5 ± 1.6 -111.01 ± 3.5
2 0.31 38.3 ± 0.8 -103.3 ± 2.1
3 0.35 36.3 ± 0.6 -100.6 ± 1.7
4 0.38 35.4 ± 0.6 -94.7 ± 1.8
5 0.42 33.8 ± 0.6 -88.5 ± 1.7
6 0.46 31.1 ± 0.57 -83.4 ± 1.9
7 0.49 28.04± 0.5 -71.2 ± 1.6
8 0.53 23.5 ± 0.4 -61.4 ± 1.6
9 0.56 19.5 ± 0.4 -54.6 ± 1.5
10 0.60 16.7 ± 0.5 -52.6 ± 1.8
11 0.64 11.7 ± 0.4 -43.5 ± 2.6
12 0.67 11.8 ± 0.4 -36.7 ± 3.6
13 0.71 6.9 ± 0.4 -96.2 ± 3.8
14 0.75 8.9 ± 0.5 -116.3 ± 3.3
15 0.78 14.03 ± 0.6 -112.8 ± 3.7
16 0.82 26.3 ± 0.5 -45.7 ± 3.4
17 0.85 22.1 ± 0.4 -38.1 ± 2.7
18 0.89 16.2 ± 0.3 -40.9 ± 2.9
19 0.93 15.1 ± 0.4 -28.2 ± 3.1
20 0.96 9.5 ± 0.4 -28.4 ± 3.7
21 1.0 7.8 ± 0.3 -49.3 ± 4.1
22 1.04 7.6 ± 0.3 -45.3 ± 3.9
23 1.08 7.01 ± 0.3 -44.2 ± 4.5
24 1.11 7.2 ± 0.3 -53.7 ± 5.2
25 1.14 6.9 ± 0.3 -71.5 ± 4.9
26 1.18 6.7 ± 0.4 -72.8 ± 5.2
27 1.22 5.4 ± 0.5 -81.6 ± 7.1
28 1.26 8.03 ± 0.5 -94.8 ± 4.2
29 1.29 11.7 ± 0.5 -91.1 ± 3.4
30 1.33 15.9 ± 0.5 -78.4 ± 2.8
31 1.36 20.04 ± 0.5 -68.8 ± 3.2
32 1.40 19.2 ± 0.7 -37.5 ± 2.9
33 1.44 15.9 ± 0.7 -27.7 ± 3.3
34 1.48 14.1 ± 0.8 -20.02 ± 3.7
35 1.52 16.7 ± 0.9 -23.7 ± 3.6
36 1.55 18.1 ± 0.9 -25.6 ± 3.2
37 1.58 21.1 ± 1.1 -19.5 ± 3.2
38 1.62 21.8 ± 1.181 -12.4 ± 3.7
39 1.66 23.05 ± 1.3 -9.6 ± 4.5
40 1.69 27.5 ± 2.2 4.6 ± 8.3
41 1.73 11.6 ± 5.03 -28.3 ± 35.8

Table 6.11: Fitted S–wave parameters at each mass bin edge in the form of
magnitude and phase.
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6.3.1
Summary of Isobar and MI-PWA fit results

We have presented in this chapter, the fit results for the D+→ π−π+π+

decay using the Isobar Model and the Model Independent Partial Wave

Analysis approach. In the section 6.2 were presented the fit results for the

Isobar Model with some of its more relevant variants. We have seen that

even with a fit model comprised of seven resonances plus a non–resonant state

and allowing to float the masses and widths of two of those resonances, the

obtained results are highly unsatisfactory. In some way, these results were

already expected to behave this way, since an isobar fit of the D+→ π−π+π+

decay is very challenging and because due to the complicated structure of its

S–wave, a better formulation is needed.

Despite the aforementioned, the Isobar Model allowed us to make some

interesting inferences and interpretations, many of them widely known from

past experiences, and others not so well understood:

– Besides the complicated formulation of the S–wave, we have a set of

well identified contributions comprised by ρ(770), f2(1270), σ(500) and

f0(980).

– Even with very small contributions, the f0(1500) and ρ(1450) resonances

are important to the stability of the fit.

– We have no clear picture for the non–resonant state (NR) against the

f0(1370) (f0X) contribution.

– Another important point is the fact that we are very sensitive to

precise form of resonance line-shapes and in some cases we are using

phenomenological models not well studied yet or not widely accepted by

all the experimentalists and theorists, as the case of modeling the ρ(1450)
with a Gounaris–Sakurai line-shape, and the models used to take into

account the f0(500), f0(980) resonances or the ρ − ω interference.

We have also shown the potentiality of the Model Independent Partial

Wave Analysis to describe the S–wave on the D+→ π−π+π+ decay, even being

the latter a challenging channel, with high levels of combinatorial background,

with a complicated resonant structure and particularly, with a rich and singular

scalar structure piled up in a narrow π+π− mass.
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Conclusions

The main objective of the present thesis was the study of the resonant

structure of the D+→ π−π+π+ decay using the so–called Isobar Model in a first

approach and the Model Independent Partial Wave Analysis (MI-PWA), in a

second stage, to measure the mπ+π− amplitude of the S–wave.

Before describing the main components of the analysis we made a

theoretical review of the essential aspects of the Dalitz plot analysis with

emphasis on the Isobar Model and the Model Independent Partial Wave

Analysis (MI-PWA) prior to reviewing the state–of–art of the research on the

study of the resonant structure of the D+→ π−π+π+ decay.

The analysis was done with 611 846 events in the 3π signal region passing

all selection criteria. This data was taken in 2012 by the LHCb detector, and

corresponds to an integrated luminosity of 2 fb−1. The first step to perform this

analysis was a detailed study of the sample selection. The goal was to obtain

a D+→ π−π+π+ sample with the lowest possible contamination of background,

with the maximum of the efficiency and at the same time maintaining the

acceptance as uniform as possible. As this decay is highly contaminated with

pionic background, it was necessary to implement a multivariate analysis in

which the main variables of the decay are combined into a simple classificator

previously trained to identify signal and background patterns.

Within the signal region there are 611 846 candidates corresponding to

signal with a purity of 97% calculated within the 2σeff mass window. This

purity was chosen because, after studying several BDT cuts, trying to maintain

the uniformity across the Dalitz, we finally had to prioritize high purity (due

to the background complexity), so we must go up to 97% purity.

Because in this channel is very difficult to achieve a high purity just

through rectangular cuts (we have a compromise between purity and signal

efficiency), it was necessary to perform a multivariate analysis (MVA) using

Boosted Decision Trees (BDT). Thus, we could obtain a sample with high

purity, selecting a cut according to the above criteria.

Once we had defined our final selection, we used Monte Carlo generated

samples to obtain an acceptance map in order to correct possible asymmetries

that the selection could introduce.

We also needed to parameterize the background contributions, so we

used the sidebands as input to an histogram posteriorly smoothed with spline

functions. This histogram is introduced as a background specie in the fit. We
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also applied a veto on the K0
s mass.

Having completed the main steps of the analysis, we proceeded to fit

the data. First we performed the fits using the Isobar Model approach and

after that, we implemented the Model Independent Partial Wave Analysis

(MI-PWA), for the first time on this channel.

For the Isobar Model we found that the final result is not enough to

describe our data; even with eight contributions, and floating mass and width

for some troublesome resonances, the fit is still poor. The main conclusion is

that the Isobar Model is not enough, or we need to take into account another

not well understood effects, in order to obtain a reasonably result.

On the Model Independent Partial Wave Analysis approach, we obtained

slightly better results; still far from optimal , but this is a long term research

and the results presented for now, are just starting points to a deeper study.

In particular, we are planning to compare the S–wave phase behavior with the

one from D+
s → π−π+π+, to see if they are comparable, due to the fact that

these decays have the same final state. The amplitude analysis of that decay

is also underway, thus we will make this comparison.

Moreover, we only presented here statistical errors, we have not imple-

mented systematic checks which, with the large sample we have, may dominate

the results.

As a final conclusion, despite the eventualities that we had to overcome

– either because this channel has a challenging background or due to the

limitations of the Isobar Model to give a correct description of its resonant

structure, or because we still have some not well understood effects on the

MI-PWA fit– the general feeling is that these results are very promising in the

long term and we will make it worthwhile.
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A search for CP violation in the phase space of the decay D+ → π−π+π+ is reported using pp collision
data, corresponding to an integrated luminosity of 1.0 fb−1, collected by the LHCb experiment at a centre-
of-mass energy of 7 TeV. The Dalitz plot distributions for 3.1 × 106 D+ and D− candidates are compared
with binned and unbinned model-independent techniques. No evidence for CP violation is found.

1. Introduction

In the Standard Model (SM) charge-parity (CP) violation in the 
charm sector is expected to be small. Quantitative predictions of CP 
asymmetries are difficult, since the computation of strong-
interaction effects in the non-perturbative regime is involved. In 
spite of this, it was commonly assumed that the observation of 
asymmetries of the order of 1% in charm decays would be an 
indication of new sources of CP violation (CPV). Recent studies, 
however, suggest that CP asymmetries of this magnitude could still 
be accommodated within the SM [1–4].

Experimentally, the sensitivity for CPV searches has substan-tially 
increased over the past few years. Especially with the advent of the 
large LHCb data set, CP asymmetries at the O(10−2) level are 
disfavoured [5–9]. With uncertainties approaching O(10−3), the 
current CPV searches start to probe the regime of the SM ex-
pectations.

The most simple and direct technique for CPV searches is the
computation of an asymmetry between the particle and anti-
particle time-integrated decay rates. A single number, however,
may not be sufficient for a comprehension of the nature of the
CP violating asymmetry. In this context, three- and four-body de-
cays benefit from rich resonance structures with interfering am-
plitudes modulated by strong-phase variations across the phase
space. Searches for localised asymmetries can bring complemen-
tary information on the nature of the CPV .

In this Letter, a search for CP violation in the Cabibbo-suppressed 
decay D+ → π−π+π+ is reported.1 The investigation is performed 
across the Dalitz plot using two model-independent techniques, a 
binned search as employed in previous LHCb anal-yses [10,11] and an 
unbinned search based on the nearest-

1 Unless stated explicitly, the inclusion of charge conjugate states is implied.

s

neighbour method [12,13]. Possible localised charge asymmetries 
arising from production or detector effects are investigated us-ing 
the decay D+ → π−π+π+, which has the same final state particles as 
the signal mode, as a control channel. Since it is a Cabibbo-favoured 
decay, with negligible loop (penguin) contribu-tions, CP violation is 
not expected at any significant level.

2. LHCb detector and data set

The LHCb detector [14] is a single-arm forward spectrometer 
covering the pseudorapidity range 2 < η < 5, designed for the study 
of particles containing b or c quarks. The detector includes a high-
precision tracking system consisting of a silicon-strip ver-tex 
detector surrounding the pp interaction region, a large-area silicon-
strip detector located upstream of a dipole magnet with a bending 
power of about 4 Tm, and three stations of silicon-strip detectors and 
straw drift tubes placed downstream. The combined tracking system 
provides a momentum measurement with relative uncertainty that 
varies from 0.4% at 5 GeV/c to 0.6% at 100 GeV/c, and impact 
parameter (IP) resolution of 20 μm for tracks with high transverse 
momentum, pT. Charged hadrons are identified using two ring-
imaging Cherenkov (RICH) detectors [15]. Photon, elec-tron and 
hadron candidates are identified by a calorimeter system consisting 
of scintillating-pad and preshower detectors, an elec-tromagnetic 
calorimeter and a hadronic calorimeter. Muons are identified by a 
system composed of alternating layers of iron and multiwire 
proportional chambers [16]. T h e t r i g g e r [17] consists of 
a hardware stage, based on information from the calorimeter and 
muon systems, followed by a software stage, which applies full event 
reconstruction. At the hardware trigger stage, events are required to 
have muons with high transverse momentum or hadrons, photons or 
electrons with high transverse energy deposit in the calorimeters. For 
hadrons, the transverse energy threshold is 3.5 G e V /c2.

The software trigger requires at least one good quality track
from the signal decay with high pT and high χ2

IP, defined as the
difference in χ2 of the primary vertex (PV) reconstructed with and
without this particle. A secondary vertex is formed by three tracks

0370-2693 © 2013 The Authors. Published by Elsevier B.V. 
http://dx.doi.org/10.1016/j.physletb.2013.12.035

© 2013 The Authors. Published by Elsevier B.V. 
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Fig. 1. Invariant-mass distributions for (a) D+ and (b) D+
s candidates in the momentum range 50 < pD+

(s)
< 100 GeV/c for magnet up data. Data points are shown in black.

The solid (blue) line is the fit function, the (green) dashed line is the signal component and the (magenta) dotted line is the background.

Fig. 2. Dalitz plots for (a) D+ → π−π+π+ and (b) D+
s → π−π+π+ candidates selected within ±2σ̃ around the respective m̃ weighted average mass.

with good quality, each not pointing to any PV, and with require-
ments on pT, momentum p, scalar sum of pT of the tracks, and a
significant displacement from any PV.

The data sample used in this analysis corresponds to an inte-
grated luminosity of 1.0 fb−1 of pp collisions at a centre-of-mass
energy of 7 TeV collected by the LHCb experiment in 2011. The
magnetic field polarity is reversed regularly during the data taking
in order to minimise effects of charged particle and antiparticle de-
tection asymmetries. Approximately half of the data are collected
with each polarity, hereafter referred to as “magnet up” and “mag-
net down” data.

3. Event selection

To reduce the combinatorial background, requirements on the
quality of the reconstructed tracks, their χ2

IP, pT, and scalar pT sum
are applied. Additional requirements are made on the secondary
vertex fit quality, the minimum significance of the displacement
from the secondary to any primary vertex in the event, and the
χ2

IP of the D+
(s) candidate. This also reduces the contribution of

secondary D mesons from b-hadron decays to 1–2%, avoiding the
introduction of new sources of asymmetries. The final-state par-
ticles are required to satisfy particle identification (PID) criteria
based on the RICH detectors.

After these requirements, there is still a significant background
contribution, which could introduce charge asymmetries across
the Dalitz plot. This includes semileptonic decays like D+ →
K −π+μ+ν and D+ → π−π+μ+ν; three-body decays, such as
D+ → K −π+π+; prompt two-body D0 decays forming a three-
prong vertex with a random pion; and D0 decays from the D∗+
chain, such as D∗+ → D0(K −π+,π−π+, K −π+π0)π+ . The con-
tribution from D+ → K −π+π+ and prompt D0 decays that in-
volve the misidentification of the kaon as a pion is reduced to a
negligible level with a more stringent PID requirement on the π−

candidate. The remaining background from semileptonic decays is 
controlled by applying a muon veto to all three tracks, using infor-
mation from the muon system [18]. The contribution from the D∗+ 

decay chain is reduced to a negligible level with a requirement on
χ2

IP of the π+ candidate with lowest pT.
Fits to the invariant mass distribution M(π−π+π+) are per-

formed for the D+ and D+
s candidates satisfying the above se-

lection criteria and within the range 1810 < M(π−π+π+) <

1930 MeV/c2 and 1910 < M(π−π+π+) < 2030 MeV/c2, respec-
tively. The signal is described by a sum of two Gaussian functions
and the background is represented by a third-order polynomial.
The data sample is separated according to magnet polarity and
candidate momentum (pD+

(s)
< 50 GeV/c, 50 < pD+

(s)
< 100 GeV/c,

and pD+
(s)

> 100 GeV/c), to take into account the dependence of

the mass resolution on the momentum. The parameters are deter-
mined by simultaneous fits to these D+

(s) and D−
(s) subsamples.

The D+ and D+
s invariant mass distributions and fit results

for the momentum range 50 < pD+ < 100 GeV/c are shown in

s

(s)

Fig. 1 for magnet up data. The total yields after summing over all fits 
are (2678 ± 7) × 103 D+ → π−π+π+ and (2704 ± 8) × 103 D+ → π
−π+π+ decays. The final samples used for the CPV search consist of 
all candidates with M(π−π+π+) within ±2σ˜ around
m̃D(s) , where σ̃ and m̃D(s) are the weighted average of the two
fitted Gaussian widths and mean values. The values of σ̃ range
from 8 to 12 MeV/c2, depending on the momentum region. For
the signal sample there are 3114 × 103 candidates, including back-
ground, while for the control mode there are 2938 × 103 can-
didates with purities of 82% and 87%, respectively. The purity is
defined as the fraction of signal decays in this mass range.

sThe D+ → π−π+π+ and D+ → π−π+π+ Dalitz plots are shown in 
Fig. 2, w i t h  slow and shigh being the lowest and high-est 
invariant mass squared combination, M2(π−π+), respectively. Clear 
resonant structures are observed in both decay modes.
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Fig. 3. (a) Distribution of S i
CP with 49 D+

s adaptive bins of equal population in the D+
s → π−π+π+ Dalitz plot and (b) the corresponding one-dimensional distribution

(histogram) with a standard normal Gaussian function superimposed (solid line).

4. Binned analysis

4.1. Method

The binned method used to search for localised asymmetries in
the D+ → π−π+π+ decay phase space is based on a bin-by-bin 
comparison between the D+ and D− Dalitz plots 
[19,20]. F o r e a c h  bin of the Dalitz plot, the significance of the 
difference betweenthe number of D+ and D− candidates, S i

CP , is computed as

S i
CP ≡ N+

i − αN−
i√

α(N+
i + N−

i )

, α ≡ N+

N− , (1)

where N+
i (N−

i ) is the number of D+ (D−) candidates in the ith

bin and N+ (N−) i s t h e s u m o f  N+
i i(N−) over all bins. The param-

eter α removes the contribution of global asymmetries which may
arise due to production [21,22] and detection asymmetries, as well
as from CPV. Two binning schemes are used, a uniform grid with

bins of equal size and an adaptive binning where the bins have the

same population.
In the absence of localised asymmetries, the S i

CP values follow
a standard normal Gaussian distribution. Therefore, CPV can be
detected as a deviation from this behaviour. The numerical com-
parison between the D+ and D− Dalitz plots is made by a χ2 test,
with χ2 = ∑

i(S i
CP)

2. A p-value for the hypothesis of no CPV is ob-
tained considering that the number of degrees of freedom (ndf) is
equal to the total number of bins minus one, due to the constraint
on the overall D+/D− normalisation.

A CPV signal is established if a p-value lower than 3 × 10−7 is
found, in which case it can be converted to a significance for the
exclusion of CP symmetry in this channel. If no evidence of CPV is
found, this technique provides no model-independent way to set
an upper limit.

4.2. Control mode and background

The search for local asymmetries across the D+
s → π−π+π+

Dalitz plot is performed using both the uniform and the adaptive
(“D+

s adaptive”) binning schemes mentioned previously. A third
scheme is also used: a “scaled D+” scheme, obtained from the D+
adaptive binning by scaling the bin edges by the ratios of the max-
imum values of shigh(D+

s )/shigh(D+) and slow(D+
s )/slow(D+). This

scheme provides a one-to-one mapping of the corresponding Dalitz
plots and allows to probe regions in the signal and control chan-
nel phase spaces where the momentum distributions of the three
final state particles are similar.

The study is performed using α = 0.992 ± 0.001, as measured
for the D+

s sample, and different granularities: 20, 30, 40, 49

s

s

and 100 adaptive bins for both the D+ adaptive and scaled D+ 

schemes, and 5 × 5, 6 × 7, 8 × 9 and 12 × 12 bins for the uni-
form grid scheme. Only bins with a minimum occupancy of 20 
entries are considered. The p-values obtained are distributed in the 
range 4–87%, consistent with the hypothesis of absence of localised 
asymmetries. As an example, Fig. 3 shows the distributions of Si

CP 
for the D+ adaptive binning scheme with 49 bins.

As a further cross-check, the D+
s sample is divided according to

magnet polarity and hardware trigger configurations. Typically, the
p-values are above 1%, although one low value of 0.07% is found
for a particular trigger subset of magnet up data with 40 adap-
tive bins. When combined with magnet down data, the p-value
increases to 11%.

The possibility of local asymmetries induced by the background
under the D+ signal peak is studied by considering the candi-
dates with mass M(π−π+π+) in the ranges 1810–1835 MeV/c2

and 1905–1935 MeV/c2, for which α = 1.000±0.002. Using a uni-
form grid with four different granularities, the p-values are com-
puted for each of the two sidebands. The data are also divided
according to the magnet polarity. The p-values are found to be
within 0.4–95.5%, consistent with differences in the number of D+
and D− candidates arising from statistical fluctuations. Since the
selection criteria suppress charm background decays to a negligible
level, it is assumed that the background contribution to the signal
is similar to the sidebands. Therefore, asymmetries eventually ob-
served in the signal mode cannot be attributed to the background.

4.3. Sensitivity studies

To study the CPV sensitivity of the method for the current data set, a 
number of simulated pseudo-experiments are performed with 
sample size and purity similar to that observed in data. The D+ → π
−π+π+ decays are generated according to an am-plitude model 
inspired by E791 results [23], where the most im-portant 
contributions originate from ρ0(770)π+, σ (500)π+ and f2(1270)π+ 

resonant modes. Background events are generated evenly in the 
Dalitz plot. Since no theoretical predictions on the presence or size of 
CPV are available for this channel, various sce-narios are studied by 
introducing phase and magnitude differences between the main 
resonant modes for D+ and D−. The sensitivity for different binning 
strategies is also evaluated.

Phase differences in the range 0.5–4.0◦ and magnitude differ-
ences in the range 0.5–4.0% are tested for ρ0(770)π+ , σ(500)π+
and f2(1270)π+ modes. The study shows a sensitivity (p-values
below 10−7) around 1◦ to 2◦ in phase differences and 2% in ampli-
tude in these channels. The sensitivity decreases when the number
of bins is larger than 100, so a few tens of bins approaches the op-
timal choice. A slightly better sensitivity for the adaptive binning
strategy is found in most of the studies.
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Fig. 4. Dalitz plot for D+
s → π−π+π+ control sample decays divided into (a) seven regions R1–R7 and (b) three regions P1–P3. Region R3 is further divided into two regions

of shigh at masses smaller (R3l) and larger (R3r) than the ρ0(770) resonance.

Since the presence of background tends to dilute a potential
sign of CPV , additional pseudo-experiment studies are made for
different scenarios based on signal yields and purities attainable
on data. Results show that better sensitivities are found for higher
yields, despite the lower purity.

5. Unbinned analysis

5.1. k-Nearest neighbour analysis technique

The unbinned model-independent method of searching for CPV in 
many-body decays uses the concept of nearest neighbour events in a 
combined D+ and D− samples to test whether they share the same 
parent distribution function [12,13,24]. T o fi n d  t h e nk nearest 
neighbour events of each D+ and D− event, the Euclidean distance 
between points in the Dalitz plot of three-body D+ and D− decays is 
used. For the whole event sample a test statistic T for the null 
hypothesis is calculated,

T = 1

nk(N+ + N−)

N++N−∑
i=1

nk∑
k=1

I(i,k), (2)

where I(i,k) = 1 if the ith event and its kth nearest neighbour
have the same charge and I(i,k) = 0 otherwise and N+ (N−) is
the number of events in the D+ (D−) sample.

The test statistic T is the mean fraction of like-charged neigh-bour 
pairs in the combined D+ and D− decays sample. The ad-vantage of 
the k-nearest neighbour method (kNN), in comparison with other 
proposed methods for unbinned analyses [24], is that the calculation 
of T is simple and fast and the expected distri-bution of T is well 
known: for the null hypothesis it follows a Gaussian distribution with 
mean μT and variance σT

2 calculated from known parameters of the 
distributions,

μT = N+(N+ − 1) + N−(N− − 1)

N(N − 1)
, (3)

lim
N,nk,D→∞σ 2

T = 1

Nnk

(
N+N−

N2
+ 4

N2+N2−
N4

)
, (4)

where N = N+ + N− and D is a space dimension. For N+ = N−
a reference value

μTR = 1

2

(
N − 2

N − 1

)
(5)

is obtained and for a very large number of events N , μT ap-
proaches 0.5. However, since the observed deviations of μT from
μTR are sometimes tiny, it is necessary to calculate μT − μTR . The

convergence in Eq. (4) is fast and σT can be obtained with a good 
approximation even for space dimension D = 
2 f o r t h e c u r r e n t v a l - ues of N+, N− and nk [13,24].

The kNN method is applied to search for CPV in a given re-
gion of the Dalitz plot in two ways: by looking at a “normal-
ization” asymmetry (N+ �= N− in a given region) using a pull
(μT − μTR)/	(μT − μTR) variable, where the uncertainty on μT

is 	μT and the uncertainty on μTR is 	μTR , and looking for a
“shape” or particle density function (pdf) asymmetry using another
pull (T − μT )/σT variable.

As in the binned method, this technique provides no model-
independent way to set an upper limit if no CPV is found.

5.2. Control mode and background

The Cabibbo-favoured D+
s decays serve as a control sample to

estimate the size of production and detection asymmetries and
systematic effects. The sensitivity for local CPV in the Dalitz plot
of the kNN method can be increased by taking into account only
events from the region where CPV is expected to be enhanced by
the known intermediate resonances in the decays. Since these re-
gions are characterised by enhanced variations of strong phases,
the conditions for observation of CPV are more favourable. Events
from other regions are expected to only dilute the signal of CPV .

sThe Dalitz plot for the control channel D+ → π−π+π+ is par-
titioned into three (P1–P3) or seven (R1–R7) regions shown in Fig. 4. 
The division R1–R7 is such that regions enriched in reso-nances are 
separated from regions dominated by smoother distri-butions of 
events. Region R3 is further divided into two regions of shigh at 
masses smaller (R3l) and larger (R3r) than the ρ0(770) resonance, in 
order to study possible asymmetries due to a sign change of the 
strong phase when crossing the resonance pole. The three regions 
P1–P3 correspond to a more complicated structure of resonances in 
the signal decay D+ → π−π+π+ (see Fig. 11).

s

s s

The value of the test statistic T measured using the kNN method 
with nk = 20 for the full Dalitz plot (called R0) of D+ → π−π+π+ 

candidates is compared to the expected Gaussian T distribution with 
μT and σT calculated from data. The calcu-lated p-value is 44% for the 
hypothesis of no CP asymmetry. The p-values are obtained by 
integrating the Gaussian T distri-bution from a given value up to its 
maximum value of 1. The results are shown in Fig. 5 separately for 
each region. They do not show any asymmetry between D+ and D− 

samples. Since no CPV is expected in the control channel, the local 
detection asymmetries are smaller than the present sensitivity of the 
kNN method. The production asymmetry is accounted for in the kNN 
method as a deviation of the measured value of μT from the
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Fig. 5. (a) Pull values of T and (b) the corresponding p-values for D+
s → π−π+π+ control sample candidates restricted to each region, obtained using the kNN method with

nk = 20. The horizontal blue lines in (a) represent −3 and +3 pull values. The region R0 corresponds to the full Dalitz plot. Note that the points for the overlapping regions
are correlated.

Fig. 6. (a) Raw asymmetry A = (N− − N+)/(N− + N+) and (b) the pull values of μT for D+
s → π−π+π+ control sample candidates restricted to each region. The horizontal

lines in (b) represent +3 and +5 pull values. The region R0 corresponds to the full Dalitz plot. Note that the points for the overlapping regions are correlated.

Fig. 7. (a) Pull values of T and (b) the corresponding p-values for the background candidates restricted to each region obtained using the kNN method with nk = 20. The
horizontal blue lines in (a) represent −3 and +3 pull values. The region R0 corresponds to the full Dalitz plot. Note that the points for the overlapping regions are correlated.

reference value μTR. In the present sample, the obtained value μT 

−0.5 = (84±15)×10−7, w i t h  (μT −μTR)/	(μT −μTR) = 5.8σ , in 
the full Dalitz plot is a consequence of the observed global 
asymmetry of about 0.4%. This value is consistent with the pre-vious 
measurement from LHCb [22]. The comparison of the raw asymmetry 
A = (N− − N+)/(N− + N+) and the pull values of μT in all regions are 
presented in Fig. 6. The measured raw asym-metry is similar in all 
regions as expected for an effect due to the production asymmetry. It 
is interesting to note the relation μT − μTR ≈ A2/2 a t o r d e r 1 /

N between the raw asymmetry and the parameters of the kNN 
method.

A region-by-region comparison of D+
s candidates for magnet

down and magnet up data gives insight into left-right detection
asymmetries. No further asymmetries, except for the global pro-
duction asymmetry discussed above, are found.

The number of nearest neighbour events nk is the only param-
eter of the kNN method. The results for the control channel show
no significant dependence of p-values on nk . Higher values of nk
reduce statistical fluctuations due to the local population density
and should be preferred. On the other hand, increasing the num-
ber of nearest neighbours with limited number of events in the

sample can quickly increase the radius of the local region under
investigation.

s

The kNN method also is applied to the background events, defined 
in Section 4.2. Contrary to the measurements for the D+ → π−π+π+ 

candidates, for background no production asym-metry is observed. 
The calculated μT −0.5 = (−5.80±0.46)×10−7 for the full Dalitz plot 
is very close to the value μTR − 0.5 = (−5.8239±0.0063)×10−7 

expected for an equal number of events in D+ and D− samples (Eq. 
(5)). The measured pull values of T and the corresponding p-values 
obtained using the kNN method with nk = 20 are presented for the 
background in Fig. 7, separately for each region. The comparison of 
normalisation asymmetries and pull values of μT in all regions are 
presented in Fig. 8. A l l  t h e k N N  method results are consistent 
with no significant asymmetry.

5.3. Sensitivity studies

The sensitivity of the kNN method is tested with the same 
pseudo-experiment model described in Section 4.3. If the simu-
lated asymmetries are spread out in the Dalitz plot the events may 
be moved from one region to another. For these asymmetries it is
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Fig. 8. (a) Raw asymmetry and (b) pull value of μT as a function of a region for the background candidates. The horizontal lines in (b) represent +3 and +5 pull values. The
region R0 corresponds to the full Dalitz plot. Note that the points for the overlapping regions are correlated.

Fig. 9. Distributions of S i
CP across the D+ Dalitz plane, with the adaptive binning scheme of uniform population for the total D+ → π−π+π+ data sample with (a) 49 and

(c) 100 bins. The corresponding one-dimensional S i
CP distributions (b) and (d) are shown with a standard normal Gaussian function superimposed (solid line).

observed that the difference in shape of the probability density
functions is in large part absorbed in the difference in the normal-
isation. This indicates that the choice of the regions is important
for increasing the sensitivity of the kNN method. In general the
method applied in a given region is sensitive to weak phase differ-
ences greater than (1–2)◦ and magnitude differences of (2–4)%.

6. Results

6.1. Binned method

The search for CPV in the Cabibbo-suppressed mode D+ → π−π+π
+ is pursued following the strategy described in Sec-tion 4. For the 
total sample size of about 3.1 million D+ and D− candidates, the 
normalisation factor α, d e fi n e d i n E q . (1), i s  0.990 ± 
0.001. Both adaptive and uniform binning schemes in the Dalitz plot 
are used for different binning sizes.

The Si
CP values across the Dalitz plot and the 

corresponding histogram for the adaptive binning scheme with 
49 and 100 bins are illustrated in Fig. 9. The p-values for these 
and other binning

Table 1
Results for the D+ → π−π+π+ decay sample using the adap-
tive binning scheme with different numbers of bins. The num-
ber of degrees of freedom is the number of bins minus 1.

Number of bins χ2 p-value (%)

20 14.0 78.1
30 28.2 50.6
40 28.5 89.2
49 26.7 99.5

100 89.1 75.1

choices are shown in Table 1. All p-values show statistical agree-
ment between the D+ and D− samples.

The same χ2 test is performed for the uniform binning scheme, 
using 20, 32, 52 and 98 bins also resulting in p-values consistent with 
the null hypothesis, all above 90%. The Si

CP distribution in the Dalitz 
plot for 98 bins and the corresponding histogram is shown in Fig. 10.

As consistency checks, the analysis is repeated with indepen-
dent subsamples obtained by separating the total sample accord-
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Fig. 10. (a) Distribution of S i
CP with 98 bins in the uniform binning scheme for the total D+ → π−π+π+ data sample and (b) the corresponding one-dimensional S i

CP
distribution (b) with a standard normal Gaussian function superimposed (solid line).

Fig. 11. Dalitz plot for D+ → π−π+π+ candidates divided into (a) seven regions R1–R7 and (b) three regions P1–P3.

Fig. 12. (a) Raw asymmetry and (b) the pull values of μT for D+ → π−π+π+ candidates restricted to each region. The horizontal lines in (b) represent pull values +3
and +5. The region R0 corresponds to the full Dalitz plot. Note that the points for the overlapping regions are correlated.

ing to magnet polarity, hardware trigger configurations, and data-
taking periods. The resulting p-values range from 0.3% to 98.3%.

All the results above indicate the absence of CPV in the D+ →
π−π+π+ channel at the current analysis sensitivity.

6.2. Unbinned method

s

The kNN method is applied to the Cabibbo-suppressed mode D+ 

→ π−π+π+ with the two region definitions shown in Fig. 11. To 
account for the different resonance structure in D+ and D+ de-cays, 
the region R1–R7 definition for the signal mode is different from the 
definition used in the control mode (compare Figs. 4(a) and 11(a)). 
The region P1–P3 definitions are the same. The results for the raw 
asymmetry are shown in Fig. 12. The production asym-metry is 
clearly visible in all the regions with the same magnitude as in the 
control channel (see Fig. 6). It is accounted for in the kNN method as a 
deviation of the measured value of μT from the ref-

erence value μTR shown in Fig. 12. In the signal sample the values μT 

− 0.5 = (98 ± 15) × 10−7 and (μT − μTR)/	(μT − μTR) = 6.5σ in 
the full Dalitz plot are a consequence of the 0.4% global asym-metry 
similar to that observed in the control mode and consistent with the 
previous measurement from LHCb [21].

The pull values of T and the corresponding p-values for the 
hypothesis of no CPV are shown in Fig. 13 for the same regions. To 
check for any systematic effects, the test is repeated for samples 
separated according to magnet polarity. Since the sensitivity of the 
method increases with nk , the analysis is repeated with nk = 500 
for all the regions. All p-values are above 20%, consistent with no 
CP asymmetry in the signal mode.

7. Conclusion

A search for CPV in the decay D+ → π−π+π+ is performed
using pp collision data corresponding to an integrated luminosity
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Fig. 13. (a) Pull values of T and (b) the corresponding p-values for D+ → π−π+π+ candidates restricted to each region obtained using the kNN method with nk = 20. The
horizontal blue lines in (a) represent pull values −3 and +3. The region R0 corresponds to the full Dalitz plot. Note that the points for the overlapping regions are correlated.

of 1.0 fb−1 collected by the LHCb experiment at a centre-of-mass 
energy of 7 TeV. Two model-independent methods are applied to a 
sample of 3.1 million D+ → π−π+π+ decay candidates with 82%
signal purity.

s

The binned method is based on the study of the local signifi-
cances Si

CP in bins of the Dalitz plot, while the unbinned method uses 
the concept of nearest neighbour events in the pooled D+ and D− 

sample. Both methods are also applied to the Cabibbo-favoured D+ 

→ π−π+π+ decay and to the mass sidebands to control pos-sible 
asymmetries not originating from CPV.

No single bin in any of the binning schemes presents an abso-
lute Si

CP value larger than 3. Assuming no CPV, the probabilities of 
observing local asymmetries across the phase-space of the D+ me-
son decay as large or larger than those in data are above 50% in all 
the tested binned schemes. In the unbinned method, the p-values 
are above 30%. All results are consistent with no CPV.
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B

Calculating fit fractions in Rio+.

B.1
Fractions and errors for the amplitude-phase form.

In the simple isobar model the decay amplitude is

A =∑aje
iδjAj(s1, s2).

In this way, the parameter space is generated by the 2n parameters (aj, δj).
If we define Nf as the integral over the whole phase space of the signal

PDF, then:

Nf = ∫ ds1ds2 ∣∑aje
iδjAj ∣

2 = ∣∑ajake
i(δj−δk)∫ ds1ds2AjA

∗
k

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Njk

∣,

Nf = ∣∑ajake
i(δj−δk)Njk∣.

The decay fraction fi is defined as

fi = ∫
ds1ds2∣Ai∣2
Nf

= a
2
i ⋅Nii

Nf

The error on the fraction fi is given by

(δfi)2 = ∑
j,k

∂fi
∂αj

∂fi
∂αk

cov(αj, αk)

We have to calculate the derivatives ∂fi
∂αj

and ∂fi
∂αk

each of which includes

the derivative of Nf . We show here the general expresion for the first case:

∂fi
∂αk

= ∂

∂αk
(a

2
iNii

Nf

) =
∂
∂αk

a2iNii

Nf

− a
2
iNii

N2
f

∂Nf

∂δk

∂Nf

∂ak
= ∂

∂ak
∑
i,j

aiaje
i(δi−δj)Nij = ∑

i,j

aje
i(δi−δj)Nij +∑

i,j

aie
i(δi−δj)Nij

using the sine and cosine parities and the fact that Nij +Nji = 2Re(Nij),
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we have:

∂Nf

∂ak
= ∑
i,j

aicos(δi − δj)(2Re(Nij)) = 2∑
i,j

Re(aiei(δi−δj)Nij)

Similarly for the derivative on δ:

∂Nf

∂δk
= −2∑

i,j

Im(aiajei(δi−δj)Nij)

The error on the decay fraction is

∂fi
∂ak

= ∂

∂ak
(a

2
iNii

Nf

) = 2ai
Nf

Niiδik −
a2iNii

N2
f

∂Nf

∂ak

∂fi
∂δk

= ∂

∂δk
(a

2
iNii

Nf

) = −a
2
iNii

N2
f

∂Nf

∂δk

(B-1)
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2) Fractions and errors for the real-imaginary form.

In this case, the decay amplitude is given by

A =∑(aj + ibj)Aj(s1, s2).

The expresion for Nf is

Nf = ∫ ds1ds2 ∣∑(aj + ibj)Aj ∣
2 = ∣∑(aj + ibj)(ak − ibk)∫ ds1ds2AjA

∗
k

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Njk

∣,

Nf = ∣∑[(ajak + bjbk) + i(akbj − ajbk)]Njk∣.

And the correspondent expresion for the fraction is

fi =
(a2i + b2i ) ⋅Nii

Nf

in this sense, the error caused by b in Nf is given by

∂Nf

∂bk
= ∂

∂bk
∑
i,j

[(aiaj + bibj) + i(ajbi − aibj)Nij] = ∑
i,j

(bj + iaj)Nij+∑
i,j

(bi − iai)Nij

∂Nf

∂bk
= ∑
i,j

bj(Nij +Nji) = 2∑
i,j

Re(bjNij).

Similarly for a:
∂Nf

∂ak
= 2∑

i,j

Re(ajNij).

The error on the decay fraction is

∂fi
∂ak

= ∂

∂ak
((a2i + b2i )Nii

Nf

) = 2ai
Nf

Niiδik −
(a2i + b2i )Nii

N2
f

∂Nf

∂ak

∂fi
∂bk

= ∂

∂bk
((a2i + b2i )Nii

Nf

) = 2bi
Nf

Niiδik −
(a2i + b2i )Nii

N2
f

∂Nf

∂bk

(B-2)
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B.2
Interference fractions and errors for the amplitude-phase form.

In this case, the fraction for the interference between the resonances i

and j is expresed as:

fij =
∫ ds1ds2∣AiA∗

j ∣
Nf

= 2
aiajNij

Nf

The error on the interference fraction is given by

(δfij)2 = ∑
k,l

∂fij
∂αk

∂fij
∂αl

cov(αk, αl)

The derivatives are given by:

∂fij
∂αk

= ∂

∂αk
(aiajNij

Nf

) =
∂
∂αk

aiajNij

Nf

− aiajNij

N2
f

∂Nf

∂αk

∂fij
∂αk

= ( ∂ai
∂αk

aj +
∂aj
∂αk

ai)
Nij

Nf

− aiajNij

N2
f

∂Nf

∂αk

The
∂Nf
∂ak

and
∂Nf
∂δk

derivatives are already calculated above, so the total

expresion for the errors on the interference fractions is given by:

∂fij
∂ak

= ∂

∂ak
(aiajNij

Nf

) = (aiδjk + ajδik)
Nij

Nf

− aiajNij

N2
f

∂Nf

∂ak

∂fij
∂δk

= ∂

∂δk
(aiajNij

Nf

) = −aiajNij

N2
f

∂Nf

∂δk

(B-3)

As the total interference fraction is equal to fij+fji, the total error equals

to:

Errij =
√

(δfij)2 + (δfji)2 =
√

2(δfij)2
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